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Abstract

The hydrogen molecular ion represents the simplest molecule in which correlations between
electronic and ionic motion can be studied quantum mechanically. Understanding the
interplay between electronic and ionic motion is fundamental in a wide range of areas such
as the design of electronic devices, probes and sensors, and in the areas of condensed matter
and plasma physics, medicine and biochemistry. Of particular importance is the interaction
with attosecond laser pulses since this opens up the possibility of steering electron dynamics
in order to control chemical reactions. Studying the interaction between the hydrogen
molecular ion and ultrashort VUV pulses therefore provides important insights into how

these pulses interact with more complex molecules.

This thesis is dedicated to the description of the interaction of the H exposed to intense
ultra-short laser pulses through the development of two massively parallel codes that
efficiently solves the time-dependent Schrédinger equation (TDSE) in full dimensionality
using a non-Born-Oppenheimer Hamiltonian that treats electronic and nuclear motion on an
equal footing. The codes treat the electronic coordinate in cylindrical coordinates in 2D and
in Cartesian coordinates in 3D. This allows us to describe parallel and arbitrary orientations

between the molecular axis and the z-axis respectively.

In addition, a parallel library for calculating the photoelectron spectra using three
different methods has also been developed. The methods implemented in the library are the
time dependent surface flux method (t-SURFF), the sampling point method and the Fourier
transform of the spatial wavefunction into momentum space. The library has been written to
be as portable as possible and can be interfaced straightforwardly with other codes that are
used for modelling laser-matter interactions, such as the codes developed in this thesis,
together with other codes that solve the Kohn-Sham equations of the time-dependent density

functional theory (TDDFT).
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(a) HHG spectrum obtained after interaction of the hydrogen atom with a 10-
cycle IR laser pulse, having a wavelength of 800 nm and a peak intensity of
I =2 x 10" W/cm?. (b) Train of four VUV laser pulses with a duration of
320 as at FWHM. The attosecond pulses have been obtained from the inverse
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(a) HHG spectrum obtained after interaction of the hydrogen atom with a 6-
cycle IR laser pulse, having a wavelength of 800 nm and a peak intensity of
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ent mechanisms leading electron localisation in the experiment reported in Ref-
erence [88]. In the mechanism 1, showed in (a), electron localisation is caused
by the coupling of the 150, and 2po,, potential energy curves of the Hj under
the influence of the IR laser field. In the mechanism 2, presented in (b), the lo-
calisation is due to a coupling between the autoionising state ()1 and the 150,
and 2pao,, electronic degrees of freedom. The figures have been adapted from
Ref. [112]. © o o e e e e e e e e

Schematic setup for the hydrogen molecular ion, HJ . The internuclear axis is
aligned along the z axis. Each of the two H™ ions is separated at a distance

R/2 from the centre of mass, O. The electron position vector is denoted by 7,

and r; and 73 are the relative electron position vectors with respect to each ion. 31

Iustration of a finite difference grid in cylindrical coordinates using the curvi-
linear scalings defined in Section 2.5. (a) grid with the global scaling corre-
sponding to Eq. (2.67) is shown while in (b) a grid with the global scaling de-
fined in Eq. (2.73) is shown. We note that for both grids the underlying mesh
always has a constant grid spacing. . . . . . ... ... ... ... .. ...
Vector potentials with temporal profiles for (a) sin? shape and (b) trapezoidal
shape. Both frames corresponds to laser pulses with a wavelength of A = 800
nm, and an intensity of I/ = 10 X 10 W/cm?. In frame (a) the pulses has
8 cycles, whereas in frame (b) the pulse has in total 20 cycles, ramped-on and

ramped-off over 3cycles. . . . .. ...

Diagram of the communication scheme for a 2D finite-difference grid. The lines
represent the processor boundaries and the squares represents the local points.
The dots denote the halo points for a given processors, where the red and blue
dots are the halo points in the ! and x? direction respectively.. . . . . . . . .
Scaling results for the THeREMIN and RHYthMIC codes. The plots correspond
to the time that a calculation takes depending on the total number of proces-
sors. On the tests we have kept the number of grid points per core constant.
The points in (a) corresponds to number of cores 888, 1824, 259, while in (b)
corresponds to number of 1134, 3402 and 18522. Perfect scaling will result in

horizontal lines. . . . . . . . . .

(a) Diagram of the potential energy curves for the Hj molecule as a function
of the internuclear distance R. The solid curves are calculated using a close-
coupling method (courtesy of Alicia Palacios), while the lines with dots and
triangles are obtained using THeREMIN. (b) Detail of the 150, state, in which the
first lowest vibrational energy levels are shown. Our potential energy curves
were calculated with THeREMIN at fixed internuclear distances using a grid
spacing of Ap = 0.1 and Az = 0.05. The vibrational eigenenergies, labelled
with the quantum number v, were calculated with THeREMIN using grid spac-
ingsof AR =0.05, Ap=0.1and Az =0.05.. . . . ..............
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wavelength of 105.3 nm. This wavelength is tuned to bridge the energy gap
between the 150, state and the 2po,, dissociating state. . . . . . .. ... ...
Probability density plots P(R, z) of H2+ at particular instants during its inter-
action with a 3-cycle VUV laser pulse, having a wavelength of A = 105.3 nm
(photon energy of w;, = 0.43 Ha) and a peak intensity of I = 8.4 x 10'2
W /cm?. Each frame corresponds to (a)t = 0fs, (b)t = 1.45fs, (c)t = 6.02 fs,
(d)t =10.02fs, (e) t=12.04 fs, (f) t = 14.34fs, (g)t = 15.25fs (h) ¢ = 16.04
fs, (i) t=22.12 fs. The electric field is shown at the top of each frame, where the
position of the dot represent the specific time of the calculation. . . . . .. ..
Probability density plots P(p, z) of HJ at particular instants during its inter-
action with a 3-cycle VUV laser pulse, having a wavelength of A = 105.3 nm
(photon energy of w;, = 0.43 Ha) and a peak intensity of I = 8.4 x 10!2
W /cm?. Each frame corresponds to (a)t = 0fs, (b)t = 1.451s, (c) t = 6.02 fs,
(d)t =10.02f1s, (e)t = 12.04fs, (f)t = 14.34fs, (g)t = 15.25fs (h) ¢ = 16.04
fs, () t = 22.12 fs. The electric field is shown at the top of each frame, where
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Probability density plots of Hj (starting from the v = ( vibrational state) over
time during its interaction with a 3-cycle VUV laser pulse having a wavelength
A = 105.3 nm (photon energy w;, = 0.43 Hartrees) and a peak intensity of
I = 8.4 x 10'? W/cm?. In (a) we present the density P(z,t) while in (b) we
present P(R,t). The electric field used in the calculation is shown at the top
of the figure, where the position of the red circle represents the specific time

of the calculation. In (b) the dashed lines represents the classical trajectories of

65

66

the nuclear wavepackets along the 2po,, potential energy curves of the molecule. 68

Probability density plots of HJ (starting from the v = 0 vibrational state) over
time during its interaction with a 3-cycle VUV laser pulse having a wavelength
A = 105.3 nm (photon energy wy, = 0.43 Hartrees) and a peak intensity of I =
8.4 x 1012 W/cm?. In both plots we present the density P(R, t). The dashed
lines represents the classical trajectories of the nuclear wavepackets along (a)
the 3do, and (b) 350, potential energy curves of the molecule. The electric field
used in the calculation is shown at the top of the figure, where the position of
the red circle represents the specific time of the calculation. . . . . . .. . ...
Electric field (a) and spectrum (b) of a 3-cycle and a 28-cycle VUV laser pulses,
both having a wavelength of A\ = 105.3 nm and a peak intensity of I =
8.4 x 102 W/cm?. The 3-cycle has approximately a duration of 1 fs, while
the 28-cycle pulse has a duration of 9.8 fs. The photon energy for both pulses
is 0.43 Ha (11.7 eV) and the bandwidth is 0.288 Ha (7.848 eV) and 0.031 Ha
(0.841 eV) for the 3 cycle and the 28-cycle pulse respectively. . . . . . . .. ..
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Probability density plots of Hj (starting from the v = ( vibrational state) over
time during its interaction with a 28-cycle VUV laser pulse having a wave-
length A = 105.3 nm (photon energy wy, = 0.43 Ha) and a peak intensity of
I = 8.4 x 10'2 W/cm?. In (a) we present the density P(z,t) while in (b) we
present P(R,t). The electric field used in the calculation is shown at the top
of the figure, where the position of the red circle represents the specific time of

the calculation. In (b) the dashed lines represents the classical trajectories of the

nuclear wavepackets along some of the potential energy curves of the molecule. 72

Time evolution of the population of the six lowest vibrational states of the Hy
molecule exposed to a 3-cycle VUV laser pulse, whose photon energy is wy, =
0.43 Ha and intensity I = 8.4 x 10'2 W/cm?. The initial state corresponds to
the ground vibrational state, denoteby v =0. . . . . . ... ... ... ..
Probability density plots P(R, z) of Hy initially in the v = 2 vibrational state,
at particular instants during its interaction with a 3-cycle VUV laser pulse, hav-
ing a wavelength of A = 110.3 nm (photon energy of wy, = 0.43 Ha) and a
peak intensity of I = 8.4 X 102 W/cm?. Each frame corresponds to (a) ¢t = 0
fs,(b)t = 1.45fs, (c)t = 10.02 fs, (d) t = 14.34 fs. The electric field is shown
at the top of each frame, where the position of the dot represent the specific
time of the calculation. . . . . . .. ... ... L oL
Probability density plots P(p, z) of Hy initially in the v = 2 vibrational state,
at particular instants during its interaction with a 10-cycle VUV laser pulse,
having a wavelength of A = 780 nm (photon energy of w;, = 0.058 Ha) and a
peak intensity of I = 2 x 104 W/cm?. Each frame corresponds to (a) t = 0 fs,
(b)t =1.451s,(c)t = 10.02 fs, (d) t = 14.34 fs. The electric field is shown at
the top of each frame, where the position of the dot represent the specific time
of the calculation. . . . ... ... ... ... ... L
Diagrammatic representation of the four lowest eigenstates of the quantum
harmonic oscillator. The solid line represents the quadratic potential, while
the dashed line represents the 150, potential energy curve of the H . . . . . .
Probability density plots of Hj (starting from the v = 2 vibrational state) over
time during its interaction with a three-cycle VUV laser pulse having a wave-
length A = 110.3 nm (photon energy wy, = 0.43 Hartrees) and a peak intensity
of I = 8.4 x 102 W/cm?. The initial state of the molecule is the third vibra-
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Time evolution of the population of the six lowest vibrational states of the
Hj molecule exposed to a 3-cycle VUV laser pulse, whose photon energy is
w = 0.43 Hartrees and intensity I = 8.4 x 102 W/cm2. The initial state cor-
responds to the third vibrational state, denoteby v =2. . . . .. ... .. ..
R vs. r diagram showing how we split coordinate space in distinct regions
associated with ionisation and dissociation, where R is the internuclear co-
ordinate and 7 represents the electronic coordinate and it holds the equality
7?2 = p? + 22, The different parts of the coordinate space are: the bound,
ionisation, dissociation and dissociative ionisation regions, where the bound
region is delimited by Ro and ro = /p? + 23, and the width of the dissocia-

tive ionisation region is Rp < \/ (z + R/2)* + p?. Wavepacket residing in

these regions allow us to calculate the ionisation and dissociation yields after
the interaction with thelaserpulse. . . . . . . ... ... ... ... ......
Ionisation (a) and dissociation (b) yields of the H;‘ after interaction with a 3-
cycle VUV laser pulse having a wavelength A\ = 105.3 nm (corresponding to a
photon energy of wy, = 0.43 Ha) and a peak intensity of I = 8.4x 1012 W /cm?.
Each line in the plots represent a calculation starting from one particular level
of the ten lowest vibrational states (v = 0, ..., 9) in the 150, potential energy
surface, where each yield have been multiplied by its corresponding Franck-
Condon factor. The dashed lines correspond to yields that have been scaled by
a factor of 10 for clarity. The inset in each plot represents the first ten Franck-
Condon factors of table 4.3. Ionisation (c) and dissociation (d) yields for the
linear combination of the first ten vibrational states (FC) and the incoherent
sum (IS). The yields denoted by FC have been scaled for clarity. The electric
field used in the calculation is shown at the top of each plot. . . . . . ... ..
Probability density plots P(R, z) of Hy at particular instants during its interac-
tion with a 10-cycle IR laser pulse, having a wavelength of A = 780 nm (photon
energy of wy, = 0.058 Ha) and a peak intensity of I = 2 x 10'* W/cm?. Each
frame, which is a zoom in on z, corresponds to (a) t = 0 fs, (b) t = 9.82 fs, (c)
t=10.41f1s,(d)t =11.43fs,(e)t = 12.11fs, (f)t = 13.80fs, (g)t = 15.15fs
(h)t = 26.92fs, (i) t = 39.03 fs. The electric field is shown at the top of each
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frame, where the position of the dot represent the specific time of the calculation. 85

Probability density plots P(p, z) of Hy at particular instants during its interac-
tion with a 10-cycle IR laser pulse, having a wavelength of A = 780 nm (photon
energy of wy, = 0.058 Ha) and a peak intensity of I = 2 x 10'* W/cm?. Each
frame corresponds to (a)t = 0fs, (b)t = 9.82fs, (c)t = 10.41 s, (d) ¢t = 11.43
fs, (e)t = 12.11fs, (f)t = 13.80fs, (g)t = 15.15fs (h) t = 26.92 fs, (i)
t = 39.03 fs. The electric field is shown at the top of each frame, where the

position of the dot represent the specific time of the calculation. . . . . . . ..

Xii

86



4.19

4.20

4.21

4.22

4.23

4.24

Time evolution of the Hj wavefunction (a): P(2,t), and (b): P(R,t), after the
interaction with a 10-cycle IR laser pulse, having a wavelength of A\ = 780
nm (photon energy of w;, = 0.058 Ha) and a peak intensity of [ = 2 x 104
W /cm?. The initial molecular state is the lowest vibrational state, v = 0, of the
1so, ground state of the H . In both frames the rest of the coordinates have
beenintegratedover. . . . . . ... ..o oo Lo
(a) and (c) Ionisation and (b) and (d) dissociation yields for the first eight vi-
brational states of the Hy interacting with a 10-cycle IR laser pulse having a
wavelength of A = 780 nm (photon energy of w;, = 0.057 Ha) and a peak
intensity of I = 2 x 10* W/cm?2. The upper frame in each plot shows the
temporal profile of the electric field of the laser pulse. In (a) and (c), a zoom of
the ionisation yield for v = 7 and the electric field is shown in the inset plot.
In (b) the dashed lines correspond to the yields for the v = 4 and v = 5 states.
In the lower frames, (c) and (d) the yields have been multiplied by their corre-
spondent Franck-Condon factors, shown in the inset of Figure 4.20d. . . . . .
Time-dependent population of the Hj driven by 780 nm IR pulse (10 cycles,
2 x 101* W/cm?2). In each frame the initial state is a different vibrational state,
and each line represents a contribution coming from a different vibrational
state. However in this figure all the vibrational states in each frame has been
multiplied by a Franck-Condon factor, corresponding to the initial vibrational
state. The upper frames represents the temporal profile of the laser pulse. . . .
Final vibrational state populations of the H;r after interaction with an 780 nm
IR laser pulse (10 cycles, 2 x 10 W/cm?). In each frame the initial state is a
different vibrational state, and each bar presents the final population of each
vibrational states. However in this figure all the vibrational states in each frame
has been multiplied by a Franck-Condon factor, corresponding to the initial
vibrational state. . . . . . ... ... o
High-Harmonic spectra of H2+ driven by 780 nm IR pulse (10 cycles, 2 x 104
W/cm?). Each frame corresponds to a different initial state set to one vibra-
tional state from v = 0, 7. The black vertical grid lines marks the odd harmon-
ics, and the red vertical lines represent the ionisation threshold I}, (left line) and
the cut-off limit, 3.17U,, + I, (rightline). . . . . ... ... ... ... .....
High-Harmonic spectra of fixed-nuclei Hj driven by 780 nm IR pulse (10 cy-
cles, 2 x 10'* W/cm?). Each frame shows the spectra at a particular internu-
clear distance, increasing R from the upper to the lower part of the figure. The
black vertical lines represent the ionisation threshold I, (left line) and the cut-
off limit, 3.17U, + I, (rightline). . . . . .. ... ... ... ... .......
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Density plots showing the time-frequency analysis on the HHG of Hy interact-
ing with a 10-cycle laser pulse, having a wavelength A = 780 nm and a peak
intensity of I = 2 x 10'* W/cm?2. In each frame the upper part presents the
temporal profile of the electric field of the pulse, while the left side presents the
corresponding HHG spectra. For clarity, the horizontal lines marks the even
harmonicorders. . . . . ... ... .. L
Zoom of the time-frequency analysis for the initial vibrational state v = 4 of the
Hj interacting with a 10-cycle laser pulse having a wavelength of A = 780 nm
and a peak intensity of I = 2 x 10'* W/cm? (shown in Figure 4.25¢), between
10.5 and 17 fs. The upper frame corresponds to the electric field, while the left

frame shows the corresponding to the high-harmonic generation spectra. . . .

Diagram of the separation in different regions of the Hy coordinate space in-
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Introduction

The hydrogen molecular ion represents the simplest molecule in which correlations between
electrons and ions can be studied quantum mechanically. Understanding the interplay be-
tween electronic and ionic motion is fundamental in a wide range of areas such as the design
of electronic devices, probes and sensors, and in the areas of condensed matter and plasma
physics, medicine and biochemistry. Of particular importance is the interaction with attosec-
ond laser pulses, since this opens up the possibility of steering electron dynamics in order to
control chemical reactions. Studying the interaction between the hydrogen molecular ion and
ultrashort VUV pulses therefore provides important insights into how these pulses interact

with more complex molecules.

This thesis is dedicated to the description of the interaction of the Hj exposed to intense
ultra-short laser pulses through the development of massively parallel codes that efficiently
solve the time-dependent Schrédinger equation (TDSE) in full dimensionality using a non-
Born-Oppenheimer treatment. Thus, electronic and ionic degrees of freedom are described
on an equal footing, allowing nuclear vibration effects to be described. Two codes have been
developed: the first code, THeREMIN (vibraTing HydRogEn Molecular IoN) solves the TDSE
in cylindrical coordinates for H; irradiated with a linearly polarised laser pulse with the po-
larisation direction parallel to the internuclear axis. The second code, RHYthMIC (vibRating
HYdrogen Molecular Ion in Cartesians) implements the solution of the TDSE in Cartesian co-
ordinates, allowing arbitrarily orientations between the laser polarisation direction and the
internuclear axis. The codes treat electron dynamics in 2D (THeREMIN) and 3D (RHYthMIC),
while nuclear dynamics are treated in 1D. Both codes are written to exploit massively paral-
lel supercomputers. In addition, a parallel library for calculating photoelectron spectra using
three different methods has also been developed. The methods implemented in the library are
the Fourier transform of the spatial wavefunction into momentum space, the sampling point
method and the time dependent surface flux (t--SURFF) method. The library has been written
to be as portable as possible and can be interfaced straightforwardly with other codes that
are used for modelling laser-matter interactions, such as the codes developed in this thesis, or

other codes that solve the Kohn-Sham equations of time dependent density functional theory
(TDDFT).

This thesis is arranged as follows. In Chapter 1 an overview of the progress of laser tech-

nology over the last several decades is given, allowing the development of intense ultrashort



laser pulses. Also included in this chapter, the fundamental processes in strong field physics
are presented, and recent experiments and theoretical approaches on ultrafast molecular sci-
ence, such as ultrafast charge migration, are described at the end of the chapter. In Chapter 2
we introduce the theoretical treatment for describing the HJ when irradiated with intense laser
pulses. A Lagrangian formalism and the use of generalised curvilinear coordinates are empha-
sised. Chapter 3 then gives the details of the numerical implementation of our laser-driven H
model, which accurately describes electronic and ionic degrees of freedom quantum mechan-
ically. The implementation uses finite-difference grid techniques, where the Taylor series and
Arnoldi methods are both employed for efficient time propagation of the wavefunction. The

parallelisation scheme is described at the end of the chapter.

Chapter 4 is dedicated to the study of the role of the different vibrational states in strong-
field ionisation, dissociation and high harmonic generation of I—I;’ exposed to intense laser
fields. First we discuss the accuracy of our numerical implementation by solving the time-
independent Schrédinger equation for the hydrogen molecular ion. The lowest vibrational
energies obtained are then compared with available results in the literature. Results for disso-
ciative ionisation of H; by VUV and IR laser pulses, starting from different vibrational states
are then presented. We focus on the visual analysis of the resulting wavefunction after the
interaction with the laser pulse and show how we can extract information about ionisation
and dissociation by dividing configuration space into distinct regions. In the case of Hj in-
teracting with an IR laser pulse, high harmonic spectra and a time-frequency analysis are also

presented, where the study of the contributions from different vibrational states is emphasised.

Chapter 5 and 6 are dedicated to the calculation of the photoelectron spectra of the HJ
resulting from the interaction with VUV and IR laser pulses. In Chapter 5 we present three
methods to extract scattering information from the solution of the time-dependent Schrédinger
equation, namely the Fourier method, the sampling point method and the t-SURFF method.
Details on the numerical implementation of the methods are given, focusing on their use in
massively parallel supercomputers. We also show how to efficiently calculate the interpolation
of the wavefunction onto spherical surfaces required for the sampling point and the t-SURFF
methods in order to minimise the additional overhead during time propagation of the wave-
function. In Chapter 6 photoelectron spectra of fixed-nuclei Hj obtained with the methods
introduced in Chapter 5 are presented. We explore the dependence that different parameters
have on the PES by irradiating Hj with a VUV laser pulse in 2D and 3D calculations. The influ-
ence of long range potentials on the resulting PES is particularly relevant in our study, where
we show how the accuracy of the spectra can be increased by truncating the Coulomb poten-
tial. Angularly resolved photoelectron spectrum for Hy exposed to intense IR laser pulses for
a range of internuclear distances are finally presented. In particular, two-centre interferences

in the PES are discussed at the end of the chapter.

In this thesis we make a special emphasis on the visualisation of the molecular wavefunc-

tion. To this end, a CD-ROM containing animations of the time-dependent wavefunction is



provided. All the animations are in MPEG-4 format, and further details can be found in the
text itself.

Throughout this thesis atomic units will be used, unless otherwise states.



The enormous energy of the twentieth century, enough to drive the
planet into a new orbit around a happier star, was being expended

to maintain this immense motionless pause.

J. G. Ballard, Crash

Overview of strong-field physics and strong

laser-matter interaction small molecules

After spectacular progress over the last decade, attoscience is now a well-established field in
its own right. A wide variety of laser sources are readily available in national facilities (using
free-electron lasers) or as table-top devices (using Ti:Sa laser technology). These sources can
easily produce ultra-short laser pulses with durations in the femtosecond (1 fs = 1071 s) and
attosecond (1 as = 10718 s) regimes. The availability of ultrafast pulses is crucial to study elec-
tron dynamics in matter. If we consider that the period of an electron in the ground state of
the hydrogen atom is approximately 150 attoseconds (using Bohr’s semiclassical model of the
atom), this indicates that in order to time-resolve electronic processes in atoms and molecules

we require shorter duration light sources to capture the dynamics.

This is precisely the principle of photography and cinema: by using fast mechanical shut-
ter speeds it is possible to obtain still images of an object from recording the light reflected
from it. If the shutter speed is not fast enough to resolve the moving object, the image will ap-
pear blurred. The introduction of spark photography, developed in the 19" century by Tépler
during his pioneering work on recording sound waves in the millisecond domain [1], opened
the way to ultrafast photography. In the 1870’s, Eadweard Muybridge, answered what at that
time was an open question: during a gallop, do horses lift all four hooves off the ground? The
event is too fast to be observed with the human eye, so Muybridge prepared several cameras
to capture a series of still images at different instants during the gallop [2]. The resulting se-
quence of frames is shown in figure 1.1, where it can be seen that the horse does indeed lift
all four hooves off the ground. A major advance in fast photography was made by Harold

Egerton in the 1930’s, who used stroboscopic light to capture phenomena too fast for mechan-
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Figure 1.1: The horse in motion. "Sallie Gardner,” owned by Leland Stanford; running at a 1:40 gait over
the Palo Alto track, 19th June 1878. Eadweard Muybridge. Library of Congress Prints and Photographs
Division [8]

ical shutters. With this technique, Edgerton was able to photograph events on the microsecond
timescale [3, 4], such as the splash of a milk drop [5], a bullet cutting a playing card [6], or the
famous bullet through apple [7], as shown in figure 1.2. The work of Edgerton showed that in

order to time-resolve fast processes, shorter light flashes are needed.

(@) Cutting the card quickly - 1964 (b) Bullet through apple. 1964

Figure 1.2: (a) Cutting the card quickly (1964) [6] and (b) Bullet through apple (1964) [7].
Images from Edgerton Digital Collections: ‘Doc’ Edgerton, Visionary Engineer: http://
edgerton-digital-collections.org/. Copyright 2010 MIT. Courtesy of MIT Museum.

With the invention of the laser, the study of ultrafast phenomena entered a new era. In
the 1980’s, the development of lasers capable of delivering pulses in the femtosecond regime
paved the way for a new branch of chemistry called femtochemistry. With femtosecond laser
pulses it is possible to resolve ionic dynamics in molecules, thus helping to understand how

chemical reactions occur. Examples of femtochemistry include studies on the dynamics of
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bond dissociation [9], charge transfer in molecular reactions [10], and bond exchange in dis-
sociative reactions [11]. These works were recognised with the Nobel prize in chemistry for
Ahmed H. Zewail in 1999 [9].

Currently, attoscience is extending the study of dynamics in matter from ionic dynamics
to electron dynamics. This has involved the development of a range of techniques such as self-
induced electron diffraction [12-14] and high harmonic spectroscopy [15, 16]. It is clear that
after being dedicated to the study of one- and two-electron systems, attoscience now faces new
challenges in extending and developing techniques to explore multi-electron dynamics in com-
plex atoms and molecules. Attoscience can deepen our understanding of chemical processes
and the conversion between light and energy. Some of the goals that are achievable include
bioenergetics, efficiency improvements in solar cells [17, 18], cancer treatments, and the study
of DNA damage after irradiation [19, 20]. In order to study ultrafast correlated electron-ion
dynamics, the hydrogen molecular ion, the most simple molecule in nature, serves as a basic

platform to understand more complex many-body dynamics.

The goal of this chapter is to present an introduction to strong field phenomena, focusing
in attosecond science applied to molecules. The chapter is divided in three sections, arranged
as follows. Section 1.1 gives a brief review of the development of lasers in the last sixty years.
In Section 1.2 the fundamental concepts of Strong-Field Physics are presented. Finally, in Sec-
tion 1.3 we discuss the advances in attosecond chemistry, with a comment on the correlated

electron-ion dynamics in HJ irradiated by ultrafast laser pulses.

1.1 The development of laser technology

The word laser (Light Amplification by Stimulated Emission of Radiation) was coined in 1959
by Gordon Gould [21, 22]. A few years later, Charles Townes and Arthur Schawlow built the
first maser (Microwave amplification by stimulated emission of Radiation) [23] while Nikolai
Basov and Alexander Prokhorov proposed a maser based on the ammonia molecule [24, 25].
Actually, Townes and Schalow at that time preferred the term “optical maser”, understanding

that the maser was the basic device [21].

The first laser was build by Theodor Maiman in 1960 [26]. It was a Ruby laser, with an
active medium made of corundum (an oxide of aluminium) containing chromium impurities,
and it could emit visible light at wavelengths between 693 and 700 nm (corresponding to the
deep red part of the spectrum). Population inversion was achieved by electric discharge from
a flash lamp that pumped a ruby rod placed between two mirrors with high reflectivity, cre-
ating a Fabry-Perot cavity. Ruby fluorescence produces light, causing stimulated emission.
The key aspect of stimulated emission is that the resulting light has the same characteristics
(frequency, direction, polarisation and phase) of the incident one, obtaining amplified radia-
tion that preserves coherence in space and time. Characteristics like monochromaticity and
directionality make the laser very different from the rest of light sources (the sun, light bulbs,

fluorescence lamps, etc).



Two of the main challenges since the invention of the laser were to produce shorter dura-

tion pulses and to produce higher intensities. these two aspects have developed simultane-
ously.

1.1.1 Laser amplification

Since the invention of the laser there have been three milestones in amplification, which are
related with the decreasing duration of pulses: Q-switching, mode-locking and chirped-pulse
amplification (CPA) [27]. In Figure 1.3 we can see the evolution of laser intensity over the last

50 years, while in figure 1.4 we can observe the analogous evolution of laser pulse durations.
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Figure 1.3: Diagram showing the evolution of laser focused intensity over the years since the invention

of lasers. The dashed line correspond to the actual predictions about the next future. Adapted from
Mourou et al. [28].

The first major milestone was the Q-switched oscillator. In Q-switching, Q refers to the
resonator quality factor. The idea is to produce amplification by introducing a modulator ab-
sorber inside the resonant cavity [30, 31]. When the absorber is switched on, the cavity has high
losses (Q is low). Because the pump continues at constant power at all times, the atoms in the
cavity accumulate population inversion. When the absorber is switched off, cavity losses de-
crease (Qis high), and the energy from the large population inversion accumulated is released,

generating a short pulse of nanosecond duration and with a power of about one Megawatt.
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Figure 1.4: Diagram showing the evolution of laser pulse durations over the years since the invention of
lasers. Adapted from Corkum and Krausz [29].

A few years after the introduction of Q-switching, attention turned to mode-locking tech-
niques. In mode-locking, amplification is achieved by inducing a coupling between the dif-
ferent modes of a laser and by locking the phases [30, 31]. Consider the longitudinal modes
of a Fabry-Perot cavity. The light oscillates inside the cavity at frequencies that are separated
by the intermodal spacing vr = ¢/2d, where c is the speed of light and d is the length of the
cavity. Then, by an external mechanism, the phases of the different components are locked.
The modes behave like the components of a Fourier series of a periodic function in time, with
period T' = 1/vp, generating a pulse train. The locking between modes can be obtained by
passive mode-locking or active mode-locking, by introducing a passive modulator (a switch),
or an active modulator. With this technique it is possible to achieve pulses in the femtosecond

domain.

In order to achieve high laser intensities, energies of the order of several millijoules (or
even several joules) are required. Basically the route to inject more energy is to add an ampli-
fication stage after the oscillator. The amplifier has an active medium and delivers laser pulses

when it is pumped by the oscillator to cause stimulated emission.

An important characteristic of the amplification medium is the saturation fluence, which
is the maximum energy per unit surface that can be extracted from the active medium [32].
The media usually employed in amplification include gases, dyes and solid state media [27].
Gases and dyes have large cross-sections that saturate easily, reaching fluences of about 1 m]J.
Solid states media, such as Ti:Sapphire (760 nm), Nd:Glass (1053 nm) and Nd:YAG (1064 nm)
are capable of deliver pulses with fluences of 1J/cm?. However, with such large energies it
is easy to exceed the damage threshold of the medium, which is an intrinsic property of the
material. One route to work under the damage threshold is to enlarge the transversal section

of the medium, i.e. building expensive amplification crystals with large diameters (up to the



metre length scale) [33].

The other route, feasible in table-top setups, is not to stretch the pulse in space (transver-
sally), but in time. This is the key idea of Chirped-Pulse Amplification (CPA) technique, pro-
posed by Strickland and Mourou [34].

Initial short pulse A pair of gratings disperses

the spectrum and stretches

A / the pulse by a factor
/ of a thousand

Short-pulse oscillator

The pulse is now long l
and low power, safe
for amplification

High energy pulse after amplification

— -~
e
Power amplifiers
-

/7

Resulting high-energy,
ultrashort pulse

A second pair of gratings
reverses the dispersion of the
first pair, and recompresses the pulse.

Figure 1.5: Diagram of the chirp pulse amplification technique. An initial ultrashort pulse, in the upper
left corner of the figure, is positively chirped when passing through a dispersive medium (stretcher), elon-
gating in time the duration of the pulse. After that, when the peak intensity of the pulse has decreased

by several orders of magnitude, the pulse is safely amplified by passing through a gain medium. Finally,

the pulse is compressed in time when passing through a dispersive medium (compressors), which neg-
atively chirps the pulse. The resulting pulse is a high-energy, ultrashort laser pulse. Figure reproduced
from Wikipedia [35], and adapted from Ref. [36]

Figure 1.5 illustrates the CPA technique, where a short duration laser pulse is stretch in
time using a dispersive device, such a pair of diffraction gratings [34] or dispersive mirrors [37].
The dispersive system introduces a chirp in the pulse, making the low frequencies travels a
shorter optical path than the higher frequencies. After that, the chirped pulse is reduced in in-
tensity (usually lower than the GW/cm?) and can be amplified when it passes through the ac-
tive medium. Later, the pulse is compressed by another dispersive system which unchirps the
pulse with the inverse process that took place in the first stage, when the pulse was stretched.

The intensity of the output pulse can easily reach 10'® W/cm? [27].

It has been demonstrated that with CPA and Optical Parametric CPA (OPCPA) techniques
it is possible to produce pulses with intensities in the range 10® - 1022 W/cm? [28]. Further
improvements on pulse compression, such thin film compression and the \? regime are re-
quired to inject an energy of the order of kilojoules to pulses of only 10 fs of duration [28],
allowing peak intensities of 102° W/cm? [38]. At the moment, the first exawatt-class (10 W)

laser is under construction in ELI (European Light Infrastructure, ), where it will be possible


eli-laser.eu

to produce sub-attosecond pulses with these enormous intensities. This new class of laser will
pave the way to explore different areas of physics in the time domain. These areas include
nuclear physics, particle physics, and even non-linear Quantum Electrodynamics (QED) by
reaching the Schwinger limit (102 W/cm?), where the electromagnetic field becomes non-

linear and production of electron-positron pairs from the vacuum can arise [28].

1.1.2 Free-Electron Lasers (FEL)

Free-electron lasers (FEL's) are another open route to achieve coherent radiation from a wide
range of photon energies at high intensities. Free-electron lasers produce coherent radiation
from the acceleration of a relativistic electron beam that is injected into a periodically alternat-
ing magnetic field, called an undulator. Population inversion is achieved from the alternating
positive and negative acceleration that the electron beam experiences when passing through
the undulator, and the coherence is given by the phase between the electron beam and the
emitted electromagnetic wave. Hence, the main difference with respect to conventional lasers
in that radiative transitions in FEL's do not come from transitions between bound states of
an atom or molecule but from the acceleration of charged particles. Therefore, the central fre-
quency of the pulse can be controlled by modifying the group velocity of the electron bunch.
This characteristic allows FELs to be highly tunable, covering a wide range of photon energies,
even reaching the water window at high intensity and brightness (this is crucial for investi-

gating biological samples) [39].

The first two FEL’s were built in the 1970s by Madley and co-workers [40-42]. They were
able to amplify radiation from a COjy laser at wavelengths of 10.6 um and 3.4 pm, using 24
MeV and 43 MeV electron beams respectively, delivered from the linac accelerator, at Stanford.
Current FELs focus on producing x-rays (x-ray FEL), where the amplification comes from the
self-amplified spontaneous emission (SASE) effect. The first SASE x-ray FEL was proposed
by Pellegrini in 1992, using the linear accelerator at the SLAC National laboratory [42]. This
project produced the LCLS (Linear Coherent Light Source), where it was possible to produce
laser pulses at a wavelength of 1.5 A with a peak power of tens of GW and time durations in
the range 1-100 fs [43]. Although the pulses are spatially coherent, much work is required to
improve the longitudinal coherence of the beam to get nearly transform limited pulses. Three
other soft x-ray FELs are in operation: FLASH at DESY (Deutsches Elektronen Synchrotron)
and the recently inaugurated XFEL (the European x-ray Free-Electron Laser, ) in Hamburg
(Germany) and Fermi at the Sincrotrone Trieste in Italy. In addition, several x-ray FEL's are
currently under construction: SACLA (Spring-8 Angstrom Compact free electron LAser) in
Hyogo (Japan), PAL-XFEL (Pohang Laboratory Accelerator) in Pohang (Korea), SwissFEL in

Wiirenlingen (Switzerland).
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Figure 1.6: Schematic representation showing the evolution of an atomic wavepacket in a potential in-
teracting with an intense laser field. The intensity of the laser field is increased from (a) in the absence of

electric field the atomic wavepacket remains in the bound state, to (b) the tunnelling ionisation regime, to
(c) the over-the-barrier ionisation regime.

1.2 Strong-field physics

Whenever an electromagnetic field interacts with an atom or molecule, electrons can be ex-
cited and also ionised. Itis said that the interaction is nonlinear when more than one photon is
absorbed by the system. This situation can be expressed as Nfiwy, < I,,, where N is the num-
ber of photons absorbed, wr, is the frequency of the incident radiation and I, is the ionisation
potential of the quantum system, and implies that the photon energy is lower than the energy
required to pull out an electron. Multiphoton processes were first discussed by Maria Goppert-
Mayer in 1931 when studying two-photon absorption [44]. The uncertainty principle allows
multiphoton transitions from an initial to a final state passing through multiple virtual states,
if the relation AEAt > T is fulfilled, where At is the time over which that the transition takes
place and A E is the energy difference between states. After the invention of Q-switching, the
first experiments on ionisation of air (with an ionisation potential around 10 eV) using a Ruby
laser (whose photon energy is around 2 eV) at intensities around 103 W /cm? showed an ion-
isation rate that depends exponentially on the intensity and not a power law as predicted by

perturbation theory [45], indicating the breakdown of perturbation theory.

Usually strong field physics refers to a variety of phenomena that arise in laser-matter in-
teractions at laser intensities around 10'* W /cm?, where it is known that perturbation theory
breaks down. In the following we review some of the processes that occur in fundamental
strong field physics. More detailed discussions on the field can be found in references [32, 46,
47).

1.2.1 Tunnelling ionisation

The soviet physicist L.V. Keldysh proposed a rather different mechanism for ionisation, named
tunnel ionisation [48]. Assuming that the frequency of the laser field w is low enough so it can
be considered to be a dc field, then at sufficiently high laser intensities the potential barrier

formed by the Coulomb potential and the dipole interaction can be distorted so that the prob-
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ability of a bound electron tunnelling through the barrier is significant: see figure 1.6. Indeed,
if the laser intensity increases further, the barrier is distorted so much that it lies below the
energy of the bound state, and so the electron wavepacket is free to escape. This results in

either over-the-barrier ionisation (OTBI) or barrier suppression ionisation (BSI).

The tunnelling time, the time taken by the electron to tunnel through the barrier, can be
estimated if we consider the bound electron initially at xg = 0 with a bound energy €y [49].
The distorted potential barrier intersects the energy level of the electron when ¢y = —FEjz,
where Ej is the amplitude of the electric field. Hence, the distance at which the electron exits

the barrier is
_ leol

= . 1.1
To E, (1.1)

If we assume constant velocity while the electron escapes the potential barrier, vg = /2me,

where m is the electron’s mass, the tunnelling time is

o 1 Ip
== =—4/2. 1.2
T Vo E(] 2m ( )

where we have used I, = |¢g|, I), being the ionisation potential.

After ionisation, the influence of the Coulomb potential, and also the magnetic field is

neglected, and we consider the ejected electron wavepacket governed only by the electric field

E(t) = Epsin (wrt) (1.3)

where wr, is the frequency of the laser field and Ej is the amplitude of the laser field. In this

situation, from classical mechanics, the drift velocity of the electron in the electric field

v= (coswrty — coswrt) (1.4)

mwr,

where m is the mass of the electron and % is the time at which the electron was ionised. Thus,

the electron’s cycle-average kinetic energy

62 E2

- 1.5
4mw% (1.5)

is usually called the ponderomotive energy, and it is one of the fundamental quantities in

strong field physics.
Moreover, it can be shown that the transition in the ionisation rate from a power law to

a exponential law is given by the Keldysh adiabaticity parameter, which is the ratio between

the laser frequency wy, and the tunnelling frequency w; = 27 /7y
Wi, I,
= — =4/ = 1.6
i Wt 2U, P ( )
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In the limit of low laser frequencies and high intensities, when tunnelling ionisation domi-

nates, the Keldysh parameter satisfies 7 < 1. The ionisation rate, given by

2
Wi < exp <—3JL>, 1.7)

is similar to the tunnelling formula [48].

Eq. (1.6) also suggest tunnelling ionisation is most probable when the electric field is a
maximum, therefore ionisation occurs near the peaks of the electric field, twice per optical
cycle. We can also express the Keldysh parameter as a function of the tunnelling time and the
period of a laser cycle, 7T, i.e. )

Tt
v & 47r?. (1.8)
Eq. (1.8) indicates that the lower the laser frequency the larger the probability of an electron
escaping because the barrier is distorted for longer, giving the electron more time to tunnel

through.

1.2.2 Over-the-barrier ionisation

At intensities higher that 10'* W/cm? the ionisation mechanism reaches the over-the-barrier
regime, where the barrier is distorted so far by the electric field that the electron is no longer
bound and it is free to escape. However, counter-intuitively, in this regime ionisation can be

suppressed by two different mechanism: dynamic stabilisation and adiabatic stabilisation.

¢ In dynamic stabilisation, a quantum destructive interference in the ionisation probabil-
ity is caused by close-lying bound states. Indeed, numerical simulations [50] showed
that if bound states with the same parity are spaced less than the laser bandwidth apart,
a destructive interference in the ionisation probability amplitude can be created at in-

tensities around 101* W/cm?. This effect has been observed in Rydberg atoms [51, 52].

* In addition, stabilisation can be achieved at very high intensities ( 10! W/cm?) and
high frequencies, where the oscillating electron quiver motion is faster than the electron
motion within the atomic potential. In this scenario, the coupling between the electron
and the nucleus becomes weak, because the electron wavepacket can not adiabatically
adjust with the laser field, a mechanism called adiabatic stabilisation [53]. This effect has
been observed for high-lying Rydberg states [54], requiring ultra-intense laser pulses

with a ramp-on of less than one cycle.

1.2.3 Multi-photon ionisation

If we now consider weak, high-frequency laser fields, the ponderomotive energy is smaller
than the ionisation potential. This regime corresponds to a Keldysh parameter v > 1, where

multiphoton ionisation (MPI) dominates.
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Figure 1.7: Schematic diagram of (a) a 3-photon MPI process, and (b) a (2+1) REMPI process, where |g)
denotes the ground state, |e) an excited state and |c) the continuum.

In the multiphoton ionisation regime the photon energy of the laser field is smaller than the
ionisation potential of the system. Thus, ionisation occurs after one or more electrons absorb
several photons from the field so

nwr, > I (1.9)

where n is the minimum number of photons required for the inequality to hold. This process
is illustrated in figure 1.7a, where three photons are required for ionisation. Voronov and De-
lone observed a six-photon ionisation process when irradiated xenon atoms, whose ionisation
potential is 12.27 eV with a Q-switched Rubi laser, whose photon energy is 2.34 eV [55]. In the
MPI regime, lowest order perturbation theory (LOPT) can be used to obtained an ionisation

rate which follows a power law [56]
Wi = onlf (1.10)

where o, is the generalised n-photon cross-section and I is the peak intensity of the laser

field, given by
c

o= —
0 8w

Fol? (1.11)

with ¢ the speed of light.

The number of photons required for ionisation can be modified at very high laser intensi-
ties, because the electric field can shift the energy levels of an atom. This effect is known as the
ac-Stark shift. In particular, the energy of weakly bound states, i.e. Rydberg states, are shifted
by approximately the ponderomotive energy of the laser field, increasing the ionisation poten-

tial of the atom, as is shown in figure 1.8.

Furthermore, when the photon energy is such that there is a resonance with an excited

state, the ionisation process is said to be resonantly enhanced, and resonantly enhanced mul-
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Figure 1.8: Diagram of the energy levels shift caused by the AC-stark effect, where |g) denotes the
ground state, |€) an excited state and |c) the continuum. Only the high lying levels, that are weakly bound
to the core, are shifted by the electric field by an energy equal the ponderomotive energy of the laser
field, Up,. In this case, the state |e) also experiences a change in energy, suppressing the resonance with
this state.
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Figure 1.9: Schematic diagram of an ATl process, where |g) denotes the ground state and |c) the contin-
uum. In the diagram only 3 photons are required for ionisation, but 5 photons were absorbed.

tiphoton ionisation (REMPI) occurs [57], as shown in figure 1.7b. If n photons are required to
ionise the system and m photons to excite the intermediate resonant state, the REMPI process
is labelled as a (m + p) process, where p = n — m. REMPI can also be affected by high in-
tensities, when the ac-Stark shifts plays a role in modifying the energy levels of an atom. This
can result in intermediate excited states that are no longer resonant at the photon energy of

the incident radiation [58], as is shown in figure 1.8.

1.2.4 Above Threshold Ionisation (ATT)

After multiphoton ionisation, one can think in a situation in which the atom absorbs more
than the minimum number of photons required for ionisation. This is precisely the case of
above threshold ionisation (ATI), a name given by Karule [59]. This process was first stud-
ied in ionisation of xenon by Agostini et al. [60], when the photoelectron energy of electrons
was measured instead of the kinetic energy released of ions. The photon energy of the inci-

dent laser field was such that only absorption of six photons is required to achieve ionisation.
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Figure 1.10: AT spectrum of the hydrogen atom after interaction with a |0-cycle laser pulse having a
wavelength of A = 800 nm (corresponding a photon energy of w;, = 0.058 Ha), and a peak intensity
of I = 10 W/em?. At this laser intensity, the ponderomotive energy is U, = 5.97 eV. The spectra
presents a low energy region, which extends up to an energy equal to 2U,,, followed by a plateau, which
extends up to 10U,

However, a peak in the spectra corresponding to absorption of one more photon was found.

In figure 1.9, we illustrate the case the ionisation of five photons, where only three photons
are required for ionisation. Indeed, as the laser intensity increases, more photons are absorbed
from the field. For low intensities, perturbation theory still applies and the ionisation rate can
be generalised as [56, 61]

Wigs o< I8 (1.12)

where n is the number of photons needed to ionise the atom, and s the excess number of ab-

sorbed photons.

Although ATT spectra were initially interpreted using perturbation theory, soon after the
first non-perturbative studies began to appear [62, 63], followed by the Simpleman’s the-
ory [64], which gives an intuitive picture of strong field ionisation in terms of classical me-
chanics and tunnelling ionisation. In particular, ATI spectrum can be interpreted using Sim-
pleman’s theory [65, 66] as follows: the spectrum presents a region of low energy electrons
with a first cut-off at an energy of 2U,, followed by a plateau that extends from an energy of
2U,, to an energy of 10U,,. The 2U, cut-off energy can be explained classically by integrating

Newton’s equation for a charged particle in an electric field

d?x

7o Eysinwrt, (1.13)
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where z is the position of the electron, Ey sinwy,t is the electric field of the laser pulse, defined
in Eq.(1.3), and we have assumed that the mass and the electric charge of the electron is equal
to one. Since the laser field is linearly polarised, we assume the motion of the electron only
along the polarisation direction. Assuming that the electron tunnels out with no velocity near
to the parent ion, the initial conditions will be ty) = 0, v = 0 and = 0, which yields

dx Eo

— = — (1 —coswyt?). 1.14

& o ( wrt) (1.14)
which is equivalent to Eq. (1.4). From Eq. (1.14), the corresponding electron’s kinetic energy

K(t) = 2U,(1 — coswrt)?. (1.15)

From Eq. (1.15), electrons released when the laser pulse has zero field, i.e. wrtg = 0, have a
maximum kinetic energy of 2U,,. Hence, the energy cut-off at 2U,, is due to electrons ionised
by the field, called direct electrons. The plateau, which extends from 2U,, to 10U, is explained
if we consider the electrons that scatter back from the core at time ¢; (¢y), whose kinetic energy
is

K(to) = 2Up (2 coswpt1(tog) — cos th0)2 . (1.16)

Then, the high energy cut-off at 10U, yields from the maximum kinetic energy of backscat-
tered electrons given by Eq. 1.16. A typical ATI spectrum for the hydrogen atom is shown in
figure 1.10, where we observe that the spectrum is formed by a series of peaks separated by

the photon energy of the laser field.

1.2.5 High-Harmonic Generation (HHG)

High-order harmonic generation (HHG) is intimately related to ATI. By focusing an intense,
low-frequency laser pulse into an atomic or molecular target, coherent radiation is emitted at
multiples of the laser frequency to very high orders. An example of HHG spectrum is shown
in figure 1.11. We observe, a low energy region up to an energy equal to [, the ionisation
potential, which follows a perturbative law. The low energy region is followed by a plateau of
constant spectral amplitude up to an exponential cut-off energy around 3U),. This spectrum
can be easily explained by classical models (the rescattering model, by Schafer et al. [65], or the

widely known three-step model by Corkum [67]) which extend Simpleman’s theory to HHG.

Within these classical pictures, the electron is first tunnel ionised by an intense, long wave-
length laser pulse, accelerates in the continuum and is then driven back to the atom or molecule
by the laser field before finally recombining with the parent ion. This recombination releases
a photon with an energy that is equal to the ionisation potential plus the energy gained by the
electron in its excursion in the continuum. The picture is summarised in figure 1.12. HHG can
therefore be seen as the inverse process of ATI: the electron absorbs many more photons than
needed to ionise, but instead of leaving the ion or scattering from it, the electron recombines

to its original state, with a probability amplitude that depends on the dipole moment of the
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Figure 1.11: HHG spectrum of the hydrogen atom exposed to a |0-cycle laser pulse having a wavelength
of A = 800 nm (a photon energy of w;, = 0.058 Ha), and a peak intensity of I = 2 x 10 W/em?.
The ponderomotive energy is U, = 11.9 eV. The peaks in the spectrum are placed at odd multiples of
the frequency of the driving laser field. The spectrum is formed by a low energy region, composed by
low order harmonics with an exponentially decreasing intensity. The low energy region extends up to a
frequency equal the ionisation potential, I, and it constitutes the perturbative part of the spectrum. Fol-
lowing this region is the plateau region, in which harmonics presents similar intensities. The plateau ends
at the cut-off frequency, which corresponds to a frequency of 3.17U,, +- I, where U, is the ponderomo-
tive energy of the laser field.

Figure 1.12: Representation of the three-step model for classical HHG. The electric field (red line), in-

duces tunnel ionisation of the electron through the atom potential. The same field accelerates the elec-
tron, and then drives it back to the parent ion. When the electron recombinates with the atom, a high
energy photon is produced.

electron and the hole.

The sharp cut-off of the HHG spectrum at an energy of 3.17U,, can be obtained from the
classical equation of motion Eq. (1.13) if we consider only those electron trajectories that return
to the parent ion, at time ¢1(%p), after tunnel ionisation at time . Equation. (1.16) yields a
maximum return kinetic energy of 3.17U,,, with an electron excursion time of 0.637, where T'
is the period of the laser pulse. This maximum return electron kinetic energy gives a maximum
photon energy

hwmax = I, + 3.17U, (1.17)

where U, is the ponderomotive energy of the electron and I), is the ionisation potential of the
system. We also note that, from solving classical equations of motion, there are two possible

trajectories which lead to the same return kinetic energy, named short and long trajectories af-

18



ter their respective electron excursion time [68]. In addition, in media which posses symmetry
inversion, such as rare gases, only odd-order harmonics are generated, since harmonics pro-
duce from electrons recombining the ion from opposite directions have the same amplitude
but opposite signs. Hence, odd-order harmonics interfere constructively while even-order

harmonics interfere destructively [69].

After first experiments in late 80’s using krypton-fluoride (with a driving laser wavelength
of A = 248 nm) [70] and neodymium-glass (A = 1064 nm) [71], spectra with harmonic orders
greater than the 109*" were observed [72]. Since then, it was a continuous effort in extending
the cut-off frequency to higher energies, which in a typical HHG experiment can range from
tens of eV to 1 keV. Since U, A21, (which is known as the scaling law), and considering
the cut-off law, Eq. (1.17), which is proportional of the ponderomotive energy, there are two
routes to increase the cut-off frequency: either increasing the wavelength, A, or increasing the
intensity, I, of the incident laser field. However, the scaling law presents several limitations:
Firstly, if we increase the intensity at some point the ionisation will reach the over the barrier
regime, which does not follow the cut-off law in Eq. (1.17). Secondly, the efficiency in the pro-
duction of the highest harmonics decrease dramatically with the wavelength [73, 74]. Lastly,
phase matching effects plays a crucial role in the propagation and emission of high harmonic

radiation.

1.2.6 Attosecond pulses

It was clear from the first experiments that HHG opened a new route to produce high-frequency
coherent radiation in the sub-femtosecond domain [67, 75-77]. Indeed, high harmonic gener-
ation allows the production of XUV attosecond pulse trains by selecting a few harmonics from
the high energy region of the spectrum. Developing an alternative method to produce ul-
trashort laser pulses in the VUV and even in the X-ray regime is especially interesting, since
table-top laser technology based on stimulated emission from crystals has a limited spectral
bandwidth, which limits the shortest pulse duration. For instance, Ti:Sa technology is only
capable of delivering laser pulses in the femtosecond domain. The first train of attosecond
pulses, each one of approximately of 250 attoseconds (as) of duration were observed by fil-
tering five consecutive harmonics from a HHG spectrum in argon [78], At the same time soft
X-ray pulses with duration of 650 as were measured when filtering a few harmonics from the

cut-off region [79].

The shortest attosecond pulses can be achieved if the filtered harmonics form a frequency
comb with similar intensity and a constant relative phase. Thus, in the Fourier limit, the pulse
duration is inversely proportional to the bandwidth of the selected harmonics. However, this
optimal situation can not be reached since generated pulses have an intrinsic chirp, called the
attochirp, which is due to different recollision times from different electron trajectories. Since
lower harmonics are emitted before the higher, radiation emitted from short trajectories have

a positive chirp while long trajectories imprint a negative chirp [80, 81].
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Figure 1.13: (a) HHG spectrum obtained after interaction of the hydrogen atom with a 10-cycle IR laser
pulse, having a wavelength of 800 nm and a peak intensity of I = 2 x 10'* W/em?2. (b) Train of four
VUV laser pulses with a duration of 320 as at FWWHM. The attosecond pulses have been obtained from
the inverse Fourier transform of the HHG spectrum in (a), after filtering the high energy harmonics, from
harmonic 31% to 39" with a rectangular window.

Since the first theoretical calculation of a resulting temporal profile extracted from a super-
position of harmonics located in the plateau region [76], it was shown that there is a natural
phase-matching between the highest harmonics [82]. This phase-locking arises from the corre-
lation between the Gouy phase (the geometrical phase shift that acquires a Gaussian beam with
respect to the focus along the propagation direction), and the change in the phase due to its
dependence on the laser intensity distribution. [83]. These works showed the mechanism that
allows for the production of coherent high-frequency radiation with sub-femtosecond dura-
tion [75]. The first evidence of attosecond dynamics was given in 2001 [78, 79]. Indeed, under
optimal phase-matching conditions [84] it is possible to produce harmonics over the 5000th
order, broadening the spectrum of laser frequencies from the vacuum ultraviolet to the soft

x-ray regime [85].

In Figure 1.13 we present a HHG spectrum produced from hydrogen exposed to a 10-cycle
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Figure 1.14: (a) HHG spectrum obtained after interaction of the hydrogen atom with a 6-cycle IR laser
pulse, having a wavelength of 800 nm and a peak intensity of I = 2 x 10'* W/ecm?2. (b) Isolated VUV
laser pulse with a duration of 320 as at FWHM. The single-attosecond pulse have been obtained from
the inverse Fourier transform of the HHG spectrum in (a), after filtering the high energy region of the
spectrum, from harmonic 25 to 37" with a rectangular window.

laser pulse, having a wavelength of A = 800 nm and a peak intensity of [ = 2 X 10 W/cm?2.
VUV attosecond laser pulses can be produced if we filter the spectrum from harmonic 31% to
harmonic 39" with a rectangular window, as indicated in Figure 1.13a, and perform an in-
verse Fourier transform. The resulting train of four pulses with a duration of roughly 320 as at
FWHM can be found in Figure 1.13b, where each attosecond pulse is produced each half-cycle
of the driving laser field. The presence of sidebands of the pulse is due to the fact that the

spectral phase is not constant, and therefore the resulting pulses are not Fourier-limited.

After generating attosecond pulse trains, the next goal was to generate isolated attosec-
ond pulses. One route to obtain an isolated attosecond pulse is to use a few-cycle laser pulse
to produce harmonics in a single rescattering event [77, 79]. In Figure 1.14 we present the
HHG spectrum obtained from the hydrogen atom interacting with a 6-cycle IR laser pulse,
again having a wavelength of A = 800 nm and a peak intensity of I = 2 x 10 W/cm?.
The rectangular window filters the high energy region of the HHG spectrum, from harmonic

25% to harmonic 37, The filtered spectral bandwidth contains the radiation produced in a
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single rescattering event, at the third cycle of the driving laser field. The bandwidth of the
resulting attosecond pulse depends again on the shape of the spectral phase. Other routes to
obtain isolated pulses include the polarisation gate technique, in which the polarisation of a
few cycle during pulse is modulated to confine a single rescattering event [86-88], and more

recent techniques based on controlling electron motion in plasmas [89-91].

1.3 Molecular studies in attosecond science

Since the first train of attosecond pulses was produced in 2001 [78, 79] and the first isolated at-
tosecond pulse were characterised in 2006 [88], a new route to explore and study electronic and
nuclear motion on the attosecond timescale was opened. Electrons are related with the optical
properties of materials and chemical reactions, because they are responsible for the formation
of chemical bonds between atoms. Moreover, ionisation, dissociation, fragmentation, charge
transfer and charge migration represents molecular phenomena in which electronic and nu-
clear dynamics interact on an equal footing. Studying electron-electron and electron-ion cor-

relations are crucial to understanding and controlling molecules at the most fundamental level.

In addition, treating both electronic and ionic degrees of freedom on an equal footing rep-
resents a major theoretical and computational challenge. The equation which describes the
dynamics of a molecule with M ions and N electrons is the time-dependent Schrédinger equa-
tion (TDSE)

6\I/(R1, ce ,RM,Tl, N ,TN,t))

) v =Ht)V(Ry,...,Ry,T1,...,7N, 1) (1.18)

where 7; denotes the vector position of the electron i, and R; the vector position of the ion
J, ¥ is the molecular wavefunction and H is the Hamiltonian of the system. The molecular

Hamiltonian #(¢) can always be written as
H=T.+TIn+V, (1.19)

where T¢ corresponds to the electronic kinetic energy, T the nuclear kinetic energy, and V' the

total potential energy of the molecule, which, neglecting spin-dependent interactions, reads

ZZZ
V(R......R (1.20
( 1, » LA, T T Z’m Z]r —T‘k‘ Z‘R Rl‘ :

where Z; is the electric charge on the ion j. We see that the number of degrees of freedom
in the wavefunction makes attempts to solve directly Eq. (1.18) prohibitively expensive. In-
stead of solving the TDSE, a common approximation used to describe molecular dynamics is
the Born-Oppenheimer (BO) approximation [92]. The BO approximation considers that elec-

tronic and nuclear dynamics occur on different timescales, and so factorises the total molecular
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wavefunction into an electronic wavefunction and a nuclear wavefunction
U(Ry,...,Ry,r1,...,vn) =Y Xs(Ri,...,Ry)ds(Ra, ..., Rpr,ry,. .., my) (121)
S

where W is the total molecular wavefunction, ¢ the electronic wavefunction and Yy the nu-
clear wavefunction, and s denotes the electronic state. It is possible to split the Hamilto-

nian (1.19) into electronic and nuclear parts, as
H=He+Hn (1.22)

where the electronic part
He=Tc+ V. (1.23)

Consider the time-independent Schrédinger equation (TISE) for a molecule composed of

N electrons and M ions is
H\I/(Rl, cee ,RM,Tl, o ,'I‘N) = E\I/(Rl, cee ,RM,rl, oo ,’I‘N). (1.24)

In the BO approximation, the molecular dynamics is solved in two-steps. We first consider the

time-independent Schrodinger equation for electrons
He¢3(R1, ceey R]\/[,’I"l7 e ,TN) = ES(Rl, . ,RM)d)S(Rl, e ,RM, T1,y... ,’I"N), (1.25)

where E5(Ry,. .., Ry) are the electronic eigenenergies for each electronic state s. Eq. (1.25)
is known as the electronic wave equation, where the position of each ion R; is taken as a
parameter. Thus, assuming that the ions are frozen in space, the electronic wave equation is

solved for a range of nuclear positions, R;. Then, we can write the TISE for the molecule as
(TN + He) ‘lf(Rl, o Ry, .. ,’I‘N) = E‘l’(Rl, o Ry, .. ,’I‘N). (1.26)
We substitute Eq. (1.21) into Eq. (1.26), and obtain

(Tn +He — E)ZXS(RL o RM)Gs(Ry, ... Ry, ,mN) =0 (1.27)

By projecting the basis of electronic wavefunctions ¢5( Ry, ..., Ry, 71, . . ., 7 ) onto Eq. (1.27),

we obtain a system of coupled equations

Z<¢k‘TN+H6_E’¢S>XS(R177RM) =0 k:071727'-'aVV7 (128)

s

where W is the total number of electronic states. Using the electronic wave equation, Eq. (1.25),

the systems of equations (1.28) can be written as

> (¢rlTn|¢s) Xs(Ra, ..., Rar)+[Es(Ra, ..., Ru) — E]xo(Ra, ..., Ry) =0 k=0,1,2,...,W.

(1.29)
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Assuming the adiabatic approximation (the ions move much slower than the electrons), we can
neglect the derivatives of the electronic wavefunctions with respect to the nuclear coordinates,

which leads to a set of uncoupled equations of the form [93]

ZTNXk(Rlv7RM)+{E]€(R17)RM) _E]Xk(Rl)aRM) =0 k:071727"‘)W
k
(1.30)

Hence, the nuclear dynamics can be obtain by solving the set of uncoupled equations (1.30),
where the energy of the each electronic state, Es(Ry,. .., Rys), acts as a potential. This ap-
proximation remains valid as long as we can consider that the electronic motion is fast com-

pared to ionic motion, i.e. the electrons see ions as if they are in a fixed configuration.

After being successfully applied in femtochemistry to study chemical reactivity [9, 94],
there are efforts to extend the BO adiabatic approximation to the time domain. Among these
works we can cite time-dependent potential energy surfaces (TDPES) introduced by Kono [95],
the generalised time-dependent Born-Opppenheimer approximation by Cerderbaum [96], or
even beyond the BO approximation, the exact factorisation of the time-dependent electron-
nuclear wavefunction [97]. The goal of these approaches is to conserve the computational

benefits and also the intuitive picture that potential energy surfaces provided.

One example of a case in which BO behaviour is assumed is the ultrafast dynamics of an
electronic wavefunction due to a coherent superposition of excited electronic states that occurs
on a faster timescale than the ionic motion. In this scenario, the ionic dynamics are driven by
the ultrafast electronic wavepacket motion rather than potential energy surfaces. Breidbach
and Cederbaum proposed the ultrafast response of the electronic wavepacket after sudden
ionisation [98]. In the N-methylacetamide molecule, the strong ionisation of the 3, orbital
left the molecule in a non-stationary coherent superposition of one-particle orbitals that are
eigenstates of the ion. Electronic correlations cause the evolution of the electron density over a
timescale of 50 attoseconds. The high energy of the incident laser pulse needed for the sudden
ionisation of the molecule makes the ejected electron leave the remaining ion before it had time

to re-adapt, justifying the assumption that considers the ions fixed during the ionisation.

Indeed, a coherent superposition of ionic states induced by photoionisation of a molecule
by a XUV attosecond pulse evolves on a ultrafast timescale depending on the energy difference
between the ionic states and the geometry of the ion [99]. In Ref. [100] the hole created after
sudden ionisation travels along the N-methylacetamide molecule within a few femtoseconds,
whereas in Ref. [101] hole migration is investigated in glycine, which constitutes the simplest
amino-acid in nature. Remacle and Levine, in Ref. [102], consider charge migration in the pep-
tides TrpLeus and TrpAlag after removal of the highest occupied molecular orbital (HOMO),
which is again a linear combination of orbitals of the cation. In this case the hole found in
TrpLeus takes less than 1 fs to travel from one end of the peptide to the other, whereas in the

case of TrpAlag the migration lasts 10 fs.
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All the calculations mentioned are examples on how attosecond science is relevant to the
study of charge transfer in large bio-molecules. Although the nuclear motion is considered
uncoupled from the electronic motion, it can be expected that the coupling between electrons
and ions induced by strong laser fields play a non-trivial role in the relaxation process of the
molecules, as the geometry of the ions is decisive in the dynamics of the hole density after
ionisation. Particularly, Baker et al. use high harmonic spectroscopy to track the ultrafast re-
arrangement of protons in molecules following ionisation [16]. They showed that it is possible
to time-resolve the dissociation of small molecules by measuring the intrinsic chirp present in
the HHG spectrum. Consider each of the short trajectories of the electron after ionisation, that
are associated with a different electron kinetic energy at recollision with the parent ion at a
particular delay in return time, At. The spread in time of the returning electron wavepacket
causes a chirp in the harmonic emission [68]. Therefore, by filtering out the contributions of
the long trajectories in the harmonic spectrum, it is possible to build a one-to-one mapping
between recollision energies (harmonic orders) and returning time delay. With a single laser
frequency, measuring the chirp within a series of HHG spectra generated for a range of pump-
probe time delays, the internal changes is resolved with attosecond resolution. For instance,
consider that the 15" harmonic probes the nuclear wavepacket at a time ¢, while 30 harmonic
probes the nuclear wavepacket at a later time ¢ 4+ At. This technique has been dubbed PACER
(Probing attosecond dynamics with chirp encoded recollisions) [16, 103, 104]. With this tech-
nique, Baker a co-workers were able to time-resolve the dissociation of H;r [105]. Since the
high harmonic yield from this molecule is reduced as the molecule elongates, the observation
of the yield reduction as a function of the harmonic order leads to the determination of inter-

nuclear distance as a function of time.

Another example of correlated electron-ion dynamics and attosecond charge control in
small molecules are the experiments of Kling et. al. [106, 107] and Sansone et. al. [88, 108]. In
the experiment of Kling, after dissociation of Dy by a few-cycle, carrier envelope phase (CEP)
stabilised, IR laser pulse, the angularly-resolved kinetic energy release spectrum of the result-
ing D and D" fragments is measured. The experiment reveals that it is possible to control
the direction of the fragments by changing the CEP of the laser pulse. This is presented in
Figure 1.15a, if we first consider the ejected electron from ionisation of Dy to D3 . Due to the
polarisation of the laser field, this electron can further recollide with D3, exciting the ion from
the 250, state to the 2po,, dissociative state. Subsequently, as the molecule dissociates, the
laser pulse couples the 2po,, with the 250 state via a three-photon and one-photon resonant
transitions at particular internuclear distances, where this coherent superposition of electronic
states leads to a beating of the probability density of the electron from being localised in one
of the two ions. When the molecule continues to dissociate, the gap between these states be-
comes small compared to the photon energy so that the laser no longer induce the coupling,
trapping the electron in one of the states. This localises the electron to one of the ions, causing
an asymmetry in the kinetic energy distribution of the photofragments. Indeed, the asymme-
try can be controlled by tuning the CEP of the laser pulse [109-111]. The experiment shows

how to control molecular dissociation with few-cycles IR laser pulses, and how nuclear dy-
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Figure 1.15: Diagram of the potential energy curves for the Hy and H2+ showing two different mech-
anisms leading electron localisation in the experiment reported in Reference [88]. In the mechanism

I, showed in (a), electron localisation is caused by the coupling of the 150, and 2po,, potential energy
curves of the H;’ under the influence of the IR laser field. In the mechanism 2, presented in (b), the local-
isation is due to a coupling between the autoionising state ()1 and the 150, and 2po,, electronic degrees
of freedom. The figures have been adapted from Ref. [|12].

namics affect electron dynamics in a chemical reaction.

In the experiment carried out by Sansone et. al. [88], the electron localisation is triggered
by a pump-probe scheme, where the pump is a XUV laser pulse that ionises a neutral Hy
molecule, and the probe is an IR laser pulse that is intense enough to resonantly excite the
resulting molecular ion from the 150, bound state to the 2po,, excited state, showed in Fig-
ure 1.15a. This time, the electron localisation can be controlled by changing the time delay
between the XUV pulse and the IR pulse. In this case they identify a second mechanism, il-
lustrated in Figure 1.15b, that causes electron localisation: the XUV pulse can not only ionise
H5 but also excite the molecule to a doubly-excited state. This doubly-excited state, is disso-
ciative, and leads to the production of two neutral H atoms. However, the doubly-excited
state can also auto-ionise and decay into the 1so, state, which by the IR pulse will be cou-
pled to the 2po,, state. Finally, both mechanisms lead to electron localisation on one of the
two ions. While in the first mechanism the IR pulse couples electronic and nuclear degrees of
freedom, in the second mechanism the probe pulse only couples electronic degrees of freedom,
causing the bound electron to be preferentially localised to one of the parent ions. These exper-
iments raised the need for developing theoretical tools in order to extend our understanding
of electron-ion correlation to larger, more complex molecules, where multielectron dynamics

is also involved.
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1.3.1 Theoretical approaches in ultrafast molecular dynamics

As it was mentioned earlier, the fundamental equation that describes the dynamics of a molec-
ular system is the time-dependent Schrédinger equation (1.18). However, an approach that
treats electronic and ionic degrees of freedom on an equal footing in a fully quantum mechan-
ical treatment is only available for the hydrogen molecule, Hy, and the hydrogen molecular
ion, H2+ There is, a vast literature on strong field phenomena in Hy and H; [113, 114]. Most of
the previous work on Hy and Hy have considered the ions fixed in space: using this approxi-
mation one-photon cross sections [115-123], ionisation rates in the multiphoton regime [124—
132], and one- and two-photon double ionisation cross sections of Hg [133-142], high harmonic
generation for arbitrary orientations between the molecular axis and the laser polarisation [16,
143-148] have all been calculated. However, even in this case, the solution of the TDSE for the
Hp and H; can be considered a challenge, because of the extraordinary computational effort

required.

Usually grid-based computer codes are memory-limited by the number of grid points re-
quired for each coordinate (in terms of the mesh extent and the spacing required), or the num-
ber of basis functions we need to properly describe the behaviour of the system. These param-
eters in turn depend on the laser parameters used: the longer the wavelength the larger the
extent required, but the shorter the wavelength the smaller the spacing required. This require-
ment is exacerbated when performing pump-probe simulations in which a short wavelength
pulse is used to excite the molecule followed by probing the response by a long wavelength
pulse. The reason for the scale of these mesh calculations is that electrons ionised by ultra-
intense, ultra-short laser pulses can quickly travel several hundreds of Bohr from the parent
ion. If the electron reaches the edge of the mesh and reflects back to the parent ion, this will
cause spurious effects in the result. In order to eliminate reflections, absorbing boundaries
are introduced near the edges of the mesh. But the problem arises if we want to collect the
wavefunction at the end of the simulation, since the absorber destroys all the scattering in-
formation once the electronic wavepackets has entered the absorbing region. Several highly
accurate numerical methods have been developed to solve the TDSE for Hy and Hy irradiated
by intense laser pulses. These have generally been based on mesh techniques such as finite
elements [149], the discrete variable representation (DVR) method [150, 151] and finite differ-
ences [152-155].

However, currently there are a range of theoretical approaches and methodologies to tackle
interactions of molecules with attosecond laser pulses. The performance and efficiency of the-
oretical tools relies on their level of approximation, which at the same time depends on the
size of the system we want to describe. The complexity of large targets, such as biomolecules,
represents a challenge in the description of ultrafast chemical processes. To describe photoion-
isation in large amino-acids, density functional theory (DFT) [102, 156, 157] and configuration
interaction (CI) methods [158] have been used. Usually these methods, as implemented in
standard software packages [159-161], consider the ions fixed in space if the molecules in-

volved in sub-fs and few-fs charge rearrangement and fragmentation [162] include heavy ions.
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Other researchers have developed mixed quantum-classical techniques in which electrons are
treated quantum mechanically while ions are treated classically. In this approach, called non-
adiabatic quantum molecular dynamics (NAQMD) [163-165], the electrons dynamics are de-
scribed using TDDFT [166]. NAQMD has been implemented using basis set methods [163-
165, 167], grid methods [161, 168-173].

A difficulty in the treatment of ultrafast molecular problems is the description of electron
wavepackets in the continuum after interaction with an attosecond pulse. In many early stud-
ies, a sudden ionisation is considered [102, 158, 174, 175], projecting out the molecular ground
state against ionic states to obtain the ejected wavepacket distributions. In addition, DFT with
a B-spline basis set which describes the electronic continuum can be used to obtain more ac-

curately photoionisation amplitudes [157, 176].

DFT and TDDFT descriptions gives a correct description of laser-matter interactions where
single excitations are considered. In contrast, CI methods can handle double excitation, being
able to describe inner excitation and ionisation [99, 158, 174, 175]. Another efficient approach
that can accurately describe double excitations is the multi-configurational time-dependent
Hartree-Fock (MCTDHF) method [177-181]. This method has been successfully applied to
small diatomic molecules such as the hydrogen molecule, reproducing photoionisation cross-

sections and laser-induced electron dynamics effects [182-184].

Even with the success of CI and MCTDHF methods, considering electron correlations
when treating electrons and ions quantum mechanically is a heroic task. One example of the
difficulty of a problem that considers both the electronic and nuclear degrees of freedom in
full dimensionality is the four body Coulomb break-up of Hy after multiphoton absorption,
which is still unsolved. Approaches capable of describing electron correlations are the time-
dependent Feshbach close-coupling (TDFCC) method [185-190], which have been successfully
applied to describe a number of experiments in which autoionisation of Hy was involved [112,
191-193], or the R-Matrix incorporating time (RMT) [194-196] method, a powerful approach to
describe multi-electron systems that has been recently applied to the description of Hy [197,
198]. One of the advantages of this approach is that it can be extended for handling two-

electron photoionisation problems, as it has been proven in helium [199, 200].

14 Summary

In this chapter we have given a brief introduction of strong field physics and attosecond sci-
ence, especially focused on molecules. In Section 1.1 we have reviewed the progress of laser
technology since its invention in the 1960’s, with a special remark on laser amplification: from
the Q-switched oscillator to the recent chirp pulse amplification technique, which have al-
lowed a relentless increase of laser intensities, making pulse durations progressively shorter.
Closing Section 1.1 a very brief description of free-electron lasers is given. Later, in Section 1.2,

we have summarised the fundamental concepts of Strong field physics, namely tunnel ion-
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isation, over-the-barrier ionisation, multiphoton ionisation, above threshold ionisation and
high harmonic generation. At the end of Section 1.2 a comment on generation of attosecond
pulses from HHG is given. Finally, in Section 1.3 an overview on recent development in ultra-
fast molecular science is given, including novel experiments on ultrafast charge migration on
biomolecules, attosecond observation of nuclear dynamics by HHG spectroscopy and attosec-
ond molecular charge control in small molecules. We have ended Section 1.3 summarising the

main theoretical tools in ultrafast molecular science.
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Nuestra historia es la multiplicidad de formas con que eludimos
las trampas infinitas que se alzan a nuestro paso. Rutina y teson.
Recuperacion de caddveres y registro de incidentes. Dias idénticos

y tranquilos.

Roberto Bolafio, El policia de las ratas.

Theoretical treatment of the laser-driven H;L

In the present chapter we introduce the theoretical background needed for the full quantum
mechanical treatment of the laser-driven hydrogen molecular ion. The hydrogen molecular
ion is the simplest molecule in nature possessing two ionic centres and a single electron. It is
the prototypical system for studying electron-ion interactions. In spite of this simplicity, HJ
possesses rich and complex dynamics when exposed to strong, ultra-short laser pulses. Due
to the highly non-perturbative behaviour of the laser-molecule interactions, an accurate nu-
merical approach is needed to study the dynamics. Our model aims to solve the problem in
its full dimensionality. A few assumptions and approximations are made, which are justified
for the laser frequencies and intensities that are generally employed. The resulting problem is

then tractable on modern supercomputers.

The chapter is arranged as follows. We give a schematic overview of the Hj model in Sec-
tion 2.1. Section 2.2 justifies the use of the semiclassical approximation in the model for treating
the interaction between the molecule and the laser field. Section 2.3 introduces the Hamilto-
nian of the Hy model, which treats the electron and the nuclear motion in equal footing, while
Section 2.4 develops the Lagrangian formalism needed to introduce coordinate scaling tech-
niques for solving the TDSE. These coordinate scalings are described in detail in Section 2.5.
Section 2.6 discusses the characteristics of the laser field employed to excite the molecule. In
Section 2.7 the gauges commonly used in laser-matter interaction studies are presented and
a proof of their invariance is given. Throughout this thesis atomic units will be used, unless

otherwise stated.
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2.1 Overview of the system

The subject of this thesis has been the investigation of the hydrogen molecular ion exposed to
intense laser fields. The molecule is illustrated in Figure 2.1. We consider the molecule aligned
as shown with the centre of mass being the origin of coordinates. We denote by 7 the position
vector of the electron with respect to the centre of mass, and 71 and 73 the relative electron
position with respect to each nucleus. The spacing between the two ions is R and each ion has

mass M = 1amuand Z = 1.

It is easy to generalise this description of a homonuclear molecule to the case of a het-
eronuclear molecule, in which each nucleus can have different charges and masses. This is

considered later in the chapter.

@

2z axis

<

Figure 2.1: Schematic setup for the hydrogen molecular ion, H; The internuclear axis is aligned along
the z axis. Each of the two H™ ions is separated at a distance /2 from the centre of mass, O. The elec-
tron position vector is denoted by 7, and 7; and 73 are the relative electron position vectors with re-
spect to each ion.

2.2 Semiclassical treatment of the laser-molecule system

We employ a semiclassical treatment of the system, in which the molecule is treated quantum
mechanically while the laser field is treated classically. Such a treatment is historically known
as first quantisation. It was the first formalism developed by the founders of quantum me-
chanics: Schrédinger, Heisenberg and Dirac [201, 202]. Later the formalism was extended to
second quantisation [203], in which the electromagnetic field is also quantised. As a historical
note, it was firstly applied to the study of spontaneous emission by Dirac [204]. Afterwards,

in the works of Jordan, Wigner, Fermi, Heisenberg and Pauli [203], it was shown that particles
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can be understood as field quanta, just as photons are the quanta of the electromagnetic field.
The second quantisation led the birth of quantum electrodynamics (QED) and quantum field
theory (QFT).

In principle, the full quantum treatment given by QED is the most accurate and precise
description of laser-matter interactions. However, in the limit of a high density of photons,
the electromagnetic field is well described classically using Maxwell’s equations. Therefore,
in the current context the semiclassical approximation is justified: it is also preferred because
of its simplicity. The justification of the semi-classical approximation is as follows. For an

arbitrary laser field, the photon density is given by [205]

— LA?)’ (2.1)

wrc
where I is the intensity, A is the wavelength, wy, is the frequency and c is the speed of light.
Typically, in strong-field physics we deal with laser pulses that have intensities around I =
10'* W/em? and wavelengths in the IR (A ~ 800 nm), or VUV (A =~ 248.6nm). For IR pulse,
the photon density is p = 1.2 x 10, whereas for the VUV pulse itis p = 1.1 x 107. In both

cases p > 1, and so use of the semiclassical approximation is justified.

2.3 Hamiltonian for the laser-molecule system

The fundamental equation in quantum mechanics which governs the dynamics of this molecule
is the time-dependent Schrédinger equation (TDSE)
O0Y(r, R, t)

’LT = H(T,R, t)\I/(T‘,R, t), (22)

where ¥(r, R, t) is the wavefunction of the molecule, and H (7, R, t) is the time-dependent
Hamiltonian operator. The wavefunction of the molecule depends on the electronic position

r, the internuclear vector position R (see Figure 2.1), and on time.

The Hamiltonian of a charged particle moving in an external potential V, in the presence

of an electromagnetic field takes the form [93]:

1 q 2
H(r,R,t) = —i(p - EA(r,t)) +qo(r,t) + V(r, R, 1) 2.3)

where the first term in the right hand side is the kinetic energy, p is the canonical momentum,
q is the charge of the particle, c is the speed of light, and finally A and ¢ are respectively the
vector and scalar potential of the electromagnetic field. We consider the case of a diatomic
molecule with only one electron, interacting with an electromagnetic field. Assuming the
Coulomb gauge for the electromagnetic field, the scalar potential become zero, ¢ = 0 (for

more details see Section 2.6). Taking into account the molecular potential, the Hamiltonian
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can be written as

1 4 1 2 1 Z Zo AVA)
R,t) = —iV.+-A(t)) — V3 - -
Hr, R 1) 2%( et s U) oun "N T r—12R] [r+12R = R
2.4)

where i is the reduced electronic mass, defined as

1 _ 1 " 1 (2.5)
He Me M1+M27 .

and pp is the reduced nuclear mass

1 1

= 4. 26
M1+M2 (2.6)

uN

In these equations, m, is the electron mass, M and My are the proton masses, Z; and Z»
are the charge of the protons, and ¢ = —e = —1 the charge of the electron. We have used
the fundamental quantum relation p = —iV, which quantifies the canonical momentum.
In Eq. (2.4) the last four terms describe the kinetic energy of the ions, electron-ion Coulomb

potentials and the ion-ion Coulomb potential respectively.

2.4 Lagrangian formalism

In order to accurately and efficiently solve the TDSE for Hj we will use generalised curvilinear
coordinates. As we will see later, when these coordinates are employed in conjunction with
finite differences methods, we obtain deformed finite difference meshes in which mesh points
can be concentrated on specific areas of the grid. This is achieved with a simple underlying
Cartesian structure which simplifies communication patterns in parallel calculations. In order
to use generalised curvilinear coordinates we must derive the TDSE in these coordinates, while
maintaining the Hermiticity of the resulting finite-difference operators. This can be achieved

most easily using a Lagrangian formalism [171, 206] which we now describe.

The Lagrangian for a molecule in an external potential can be written as [207]

. . 1 1
LU, t) = /drde*w+2/drdqu*v§w+2/drde*v%V\1:
2.7)
+/drdR\If*Vc\I/+/drdR\I/*VI\II,

where W is the wavefunction which describes the molecule, VZ and V3, are the electronic and

nuclear Laplacians respectively, V¢ is the molecular potential

Z Zy Z12
Ve R) = — - 2.8
or B = pR iR R 28)
and V7 is the laser-matter interaction potential given by
Vi(r,t)= ——A.-V. (2.9)
c
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Invoking the principle of least action, a variation of the wavefunction that leaves the action

stationary
to .
0S5 =9 dt E(\II, \Il,t) =0 (2.10)

t1

leads to the Euler-Lagrange (E-L) equations of motion

oL = i (M) (2.11)
oU*  dt \ 9U* '
% = i ((9.6) ) (2.12)
ovr  dt \ oy

Eq. (2.11) is nothing more than the time-dependent Schrodinger equation, and Eq. (2.12) is its
complex conjugate. We note that the E-L equations hold in any coordinate system, which al-

lows us to express the TDSE in curvilinear coordinates.

2.5 Scaled curvilinear coordinates

Consider first an orthogonal coordinate system in 4D in which an arbitrary point is described

by the coordinates (&1, £2, €3, £4). The position vector is simply
ra =2l (€ i+ 22(€2) j + 22 k+ 2t (e L. (2.13)

Consider now a general curvilinear coordinate system in 3D. It is always possible to find a

continuous transformation to another coordinate system so that the new coordinates (1‘1 , ZL‘2, 1:3, $4)

can be expressed as

l’l — 331(51, §2’ (;:37 64) (2.14)
1,2 — x2(§1’ §2’ 53’ 54) (2.15)
$3 — x3(§1’ {2’ 63’ 54) (2.16)
$4 — .7}4(51, 52’ 53’ 54) (2.17)

The above transformation is described by the Jacobian [208]

Ozl Qx Qdxl Ozl
9T 97 98 o
022 Qx® 0Oz  0x?
_ |2 o9& o9& e
T=1 085 02 a9 o0° (2.18)
aé‘l 862 853 664
0zt Ozt Qzt  Dxt
9T 9T 98 deT

In addition, in our new coordinate system, integrals will transform as

[t @) [ de a1 56e) 219)

where |J|= det J.
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We will now apply such transformations to our Lagrangian defined in Eq. (2.7). The 3D

electron position vector in a general curvilinear system is
r=al(h ) i +a2(e,6,6) j +2°(L .0 k (2.20)
while the 1D internuclear distance vector is just

R = 2%(eh1, (2.21)

2 23, :(:4} are the Cartesian coordinates [208], and {4, 7, k, L} are the unit vectors.

where {a:l, T
We note that the scale factors can be real or complex-valued functions. In this work, we only
consider orthogonal coordinates transformations so that non-diagonal terms in the Jacobian,

Eq. (2.18), will be zero. The volume element is given by

dryr = hihohshy detde?de3de® = | J| detdede3de?, (2.22)
where D (€9)
2 (&7 )
hj = 9ei for j=1,2,3,4, (2.23)

are the scale factors.

We can write now the Lagrangian in these coordinates as

LV, W, t) =i /d§1d§2d§3d§4 |J| U@ +;/d§1d§2d§3d§4 |J|U* VE2U+  (224)
+ % / detde?de3det || w* V3, U+ (2.25)
+ / detde?de3det | J| v Ve U + / detde?de3det |J| U Vi (2.26)

For an orthogonal coordinate system, the gradient operator takes the form [208]

.1 0 .1 0 1 0 1 0
—f otk ] ——— 2.27
v zhlafl+Jh23§2+khga§3+lh4af47 (2.27)
and the Laplacian is given by [208]
Gl L[0 (Mahshi) 0 0 (Wb 0 0 (hahi) 0
|J| [o¢t h1 ogt - og? ha 082 083 h3 &3
0 (hihghs\ O
e (M) 7] 2
Transforming the wavefunction as
1 ¢2 ¢3 ¢4
\P(fl,£2,£3,£4) _ w(f 75 7§ a§ ) (2.29)

T

using this together with Eq. (2.27) and Eq. (2.28) in Eq. (2.24), and using the principle of least
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action Eq. (2.10), result in the TDSE

O

i = [Te + Tn + Vo + Vil 4. (2.30)

In this equation the electronic kinetic energy term is

11 [0 (hehg\ & 9 [mhy\ @ 8 [(mhy\ O] 1
ﬂ—v|ﬂ&4m>%ﬁw4m)%ﬁ%4m>%4mn@”

the nuclear kinetic energy term is

N EAEAEAE o)
YT 2V (068 \ha) 067 Vhy' '
the molecular Coulomb potential term is
Z Z W7
Vo =— ! _ 2 +2172 (233)
V@) + @22+ @ —at/2)? \J@)? + @) + (@3 +at/2)? T
and the laser-molecule interaction term is
) 1 0 1 1 0 1 1 0 1
Vi=—-A-|i — +7J . +k = (2.34)
R {\/hiaglm Via 0y Vhy ' s 92\l

It is convenient for us to express the electron dynamics in the two most common coordinate
systems, Cartesian and cylindrical coordinates. In the following subsections we will give the
explicit representation of the TDSE in both of these coordinate systems. We point out that if

no scaling is introduced, we recover the textbook definitions of the differential operators.

Adaptive curvilinear coordinates have been employed in the past in electronic structure
calculations, both in real-space grid methods [152, 154, 161, 172, 209-211] and plane-wave basis
set methods [212]. When applied to finite difference methods, these generalised curvilinear

coordinates allow a high density of points to be concentrated in regions of special interest.

2.5.1 Scaled Cartesian coordinates

Here we consider orthogonal scaling applied to each coordinate. In Cartesian coordinates, we

consider a transformation from standard coordinates. The electron position vector is given by

r=uxt+yj + zk, (2.35)
where
x =z (%) (2.36)
y = a?(&Y) (2.37)
z = 23(&%). (2.38)
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Thus, the scale factors are

hy = 2/ (£%) (2.39)
ha =y'(&Y) (2.40)
hs = 2/ (£%). (2.41)

As we only allow the nuclei to vibrate along the internuclear axis, the nuclear coordinate is

given by
R =z(eh) (2.42)
and the correspondent scale factor
hy = R'(&R). (2.43)
The Jacobian
|J|= hihahshy (2.44)

In the scaled Cartesian coordinates, the electron kinetic energy term takes the simple form

oA L)AL Loy o L Loy L
T vwoe \o) g e Ty oe \y ) oy TV oe \F) g VT

(2.45)
and the nuclear kinetic energy
11 0 1 0 1
Ty= 2 9 (1) 9 L 24
N TR Vmoc (R) N (2:46)
The molecular Coulomb potential is
Z
Vo =— - -
\/(fv(égc))2 + (y(€¥)? + (2(67) — R(£R)/2)
(2.47)
Zy AV
B 2 2 2 + R(£R)
V(@(€)? + () + (2(¢%) + R(ER) /2)
and the laser-molecule interaction term is
1 1 0 1 1 0 1 1 0 1
Vi=—A-|i — +7 — +k — — 2.48
==l e et eyt mae e O

2.5.2 Scaled cylindrical coordinates

Now consider a transformation from standard cylindrical coordinates. The electron vector
position is given by
T = p(§’) cos i + p(§°) sinpg + 2(§7)k (2.49)

where the angular coordinate is not scaled. The nuclear coordinate is again

R = R(¢F) (2.50)
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The scale factors in this case are

hy = p'(€7) (2.51)

ha = p(£) (2.52)

hs = 2/(£%) (2.53)

hy = R'(R), (2.54)
and the determinant of the Jacobian is

|J|= pp' 'R (2.55)

In these coordinates, the electron kinetic energy is given by

11 9 (p) 0 1 192 1 0 (1\ 0 1
Te=——FT—=5\" a1t mss+t =35\ 5 ) 57— (256)

2pp' 05P \ p ) 08P \/pp/ — p?0p* 2/ 0§ \2') 0§ /2
We are interested in using cylindrical coordinates in situations where the laser polarisation
axis is parallel to the internuclear axis. In such scenario, the angular momentum L is con-
served, therefore m is a good quantum number and ¢ is a cyclic coordinate. If we consider the
molecule in its ground state taking m = 0, there is no azimuthal dependence in the Hamilto-

nian, leaving the electron kinetic energy as

11 9 () 0 1 1 0 (1) 0 1
T.=—= — | =) = + = . (2.57)
2/pp 08P \ p ) 08P \Jpp' 2 0§ \2') O&% /2
In addition, in order to cancel the 27 factor introduced by the integrals over the ¢ coordi-

nate,

/d(p U(p, z, R, t) =21¥(p, 2z, R, t) (2.58)
we transform the wavefunction as

Y(p, 2, R, 1)
V2mplpZ

The nuclear kinetic energy takes exactly the same form as in the Cartesian case, Eq. (2.46). The

U(p,z,R,t) = (2.59)

molecular Coulomb potential is

A Z 77
Vo = — ! _ 2 4+ 21725 60)

R\ 2 Ry 2 R(§ R)
o)+ (o6 - TE0Y forgen) + (s(e) + 7)
and the laser-molecule interaction term is

ziii—l—ki 9 1:| (261)
N EN S '

1

Vi= A[

—-A-
2.5.3 Implementation of scaled curvilinear coordinates

The Laplacian operator in Eq. (2.31), expressed in finite-differences using the central difference
approximation to the first derivative terms, will be symmetric. This ensures that the resulting

finite difference Hamiltonian is Hermitian and thus time propagation will be unitary. For
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convenience we can rewrite Eq. (2.31) in terms of second derivatives, while maintaining the
symmetry of the resulting operator. For example, if we only consider the term involving &*,

and using the wavefunction transformation in Eq. (2.29), we can write

2 2
1 91 0 1]1/1:1[1 ) 92 1 P 06

- _ | —_— + -
VT 9EY by OEY /]| 2 | h20c1?  9¢1? by
where hy is the corresponding scale factor of the coordinate ¢!, and M is a function of ¢! and

its derivatives.

Considering the case of generalised cylindrical coordinates in Section 2.5.2, we can rewrite

the kinetic energy operators as

11 9 9 1 g ¢ 1
Tr=5\72s2 52 + - + > 2.63
’ 2{@')28/)2 o w] <2<g'>3 ig) " Ag? 269

and analogy for the 2z term

[ L S ]+ 21"
2o’ 9’ () 202 A()')

where the second term in the right hand side of Eq.(2.63) and (2.64) corresponds to the M term

1

(2.64)

of Eq.(2.62). The nuclear kinetic energy term takes the same form as Eq. (2.64).

The advantage of expressing the kinetic energy operator as in Eq. (2.63) and Eq. (2.64) is
that it needs to be evaluated at fewer grid points in each coordinate compared with Eq. (2.57).
For example, consider evaluating the kinetic energy operator in p using a 5-point finite differ-
ence rule. Using Eq. (2.57), which is based on first-order derivatives, will require wavefunction
values at 7 points. Using Eq. (2.63), however will only require wavefunction values at 5 points.
The resulting parallel code of the operator in Eq. (2.57) would require 3 halo points ! rather than
2 points required by the operators in Eq. (2.63) Eq. (2.64). Thus using Eq. (2.63) and Eq. (2.64)
will result in less communication overhead between processors in order to apply this finite

difference rule. For details in communication patterns, see Section 3.4.

For the case of generalised cylindrical coordinates, we have used the following global

adaptation for the p coordinate [211]

o) =o)L e, 265
B(&P)" +an

where n takes on integer values, v takes on half-integer values and « and 3 are real numbers.

With this scaling we get a high density of points near the internuclear axis and an equidistant

spacing far from the origin. The transition between the two regions is controlled by the pa-

!Usually grid points belonging to the neighbours’s grid domain that are contiguous to the local grid domain
are called halo points. Those points are stored locally at the halo of the grid, and exchanged between processors.
For more info see Section 3.4
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rameter . Since we only use the cylindrical coordinate in case of parallel orientation between
the internuclear axis and the laser polarisation, it is reasonable to use a equally spaced grid in
the z coordinate in order to describe properly electrons in continuum states. An illustration of

the scalings used in given in Figure 2.2.

In practice we use two set of parameters depending on the wavelength of the laser field:

1. In the first set we take

1
a=1, pB=0, n=1, 1/25 (2.66)
which leads the scaling functions to take the form [211]
p(&) = (€))7, nE)=¢ (2.67)

As we can see in Figure 2.2a, with this exponential scaling for the p coordinate, the
transformed wavefunction in Eq. (2.59) scales as p for small values of p, near the origin,
ensuring accurate evaluation of derivatives in the p direction and thus improving the
calculation of the eigenvalues of the molecule. This scaling is used in the case of ioni-
sation of the molecule by long laser wavelengths whose polarisation axis is parallel to
the internuclear axis, because the dynamics of the ionised electron take place predomi-

nantly along the molecular axis.

The kinetic energy operators Eq. (2.63) and Eq. (2.64) take the form

2 /(1 02 0% 1
T,=—-|- — M 2.68
=5 Gater i)+ o

and )
.- 9 (2.69)
0(&7)
However, from Eq. (2.59) we have (p(£”) = 0, 2, R, t) = 0, but
Y Py —
> xWU#£0 at p(&”)=0. (2.70)

A solution to this problem, used in reference [211] by Kawata and Kono, is to expand
this term, which leads to a non-Hermitian operator in Eq. (2.63). In our implementation
we obtain the value of ¥ (p(£”) = 0) through interpolation. The value at p(£”) = 0 is
just a multiple of 1)(0£”), such that

Y(p(£F) = 0) = Cp(5€F) (2.71)

where is C' is a parameter that depends on the grid parameters 6£” and 6£7, and it can
be tuned to accurately described the eigenenergies of the system. In practice we use a

3-point central difference approximation for 7}, so the fictitious point required by the
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rule is taken as ¥(—9£P) = Y (0&P).

2. In the second set the parameters take the value

a=5 pf=1, n=1, 1/25 (2.72)
which leads to the scaling functions [213]
@) =) e ) =€ @73)
p T :

With this scaling (Figure 2.2b) in the p direction we also ensure high density of grid
points in the vicinity of the internuclear axis, and a constant grid spacing for p > o. The
transition between regions has found to be optimal at o« = 5. These scalings are applied
when the molecule is exposed to VUV pulses, since an ionised electron wavepackets can

be ejected at any direction.

p (arb. units)
o (arb. units)

4 6 8 10 0 2 4 6 8 10
z (arb. units) z (arb. units)

@) (b)

Figure 2.2: lllustration of a finite difference grid in cylindrical coordinates using the curvilinear scalings
defined in Section 2.5. (a) grid with the global scaling corresponding to Eq. (2.67) is shown while in (b)

a grid with the global scaling defined in Eq. (2.73) is shown. We note that for both grids the underlying
mesh always has a constant grid spacing.
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2.6 Classical description of the laser pulse

Consider Maxwell’s equations (in a vacuum) describing electromagnetic fields

V- -FE =0 (2.74)
V.-B =0 (2.75)
1 0F
B- " — 2.7
V x 25 0 (2.76)
0B
V x E+ Bt =0 (2.77)

where E is the electric field and B the magnetic field [214]. It is useful to express the fields in
terms of a vector potential, A, and a scalar potential, ¢. From the equation Maxwell equation
representing the absence of free magnetic poles, Eq. (2.75), we can always write the magnetic

field as a function of a vector potential
B=V xA. (2.78)

Next, we can make use of the Maxwell’s equation representing Faraday’s law, Eq.(2.77), and

write:

0A

Eq. (2.79) implies that the quantity inside brackets can be written as the gradient of a scalar

function, —V ¢. Then, the electric field can be expressed as
0
E(r,t) = -Vp(r,t) — &A(r, t) (2.80)

With the use of these potentials, we can reduce Maxwell’s equations to two inhomogeneous

equations
, 0
1 0%A 1 0y
A —— — A+ S ) = 2.82
\Y R VIV + 2 ot 0 (2.82)

The fields E and B are invariant under the transformation

A+ A =A+Vy (2.83)
Ox

f=p— 2 2.84

oY =9 D (2.84)

where x (7, t) is an arbitrary scalar field. These transformations, called gauge transformations,
allow us to choose a function x/(r, t) such that the fields A(r, t) and (7, t) satisfy the Lorentz

condition

19y _
2ot

The Lorentz condition uncouples Maxwell’s equations into two inhomogeneous differen-

V-A+ 0. (2.85)
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tial equations

1 0%
V%—C—Qa—tf —0 (2.86)
1 0’A

Consider working in the Coulomb gauge (also called the radiation, or the transverse gauge),
in which V - A = 0. In this gauge, and when no charges are present, i.e. ¢ = 0, Eq. (2.87)
becomes a homogeneous differential equation

190’°A

2
\Y% A—szw—o (2.88)

Eq. (2.88) is a wave equation with solutions of the form

A(r,t) = % [ei(k-’l“—th+§) 4 e—z‘(k-fr—thJr&) ’ (2.89)

where Aj is the peak of the vector potential, k is the propagation vector, wy, is the frequency

of the radiation and ¢ is the phase of the field. Expanding the term R T ina Taylor series
gives

. 1

Consider the case in which the wavelength is much larger than the size of the atom or molecule.
The typical atomic radius is ap = 0.1 nm, and the typical wavelength of an infrared pulse is
A = 800nm. Thus, & = 27/\ = 0.0078 nm !, and so kr = 7.8 x 10~* < 1. Therefore, we
can truncate Eq. (2.90) at its first term thus eliminating the spatial dependence in the vector
potential. This truncation is known as the dipole approximation. In the dipole approxima-
tion we understand that across all space the electrons and protons feel the same electric field.

Eq. (2.89) now becomes
Ag T . .
Alt) = 7o [ez(th+5) +e—z(th+6)] (2.91)

i.e. the vector potential only depends on time. The dipole approximation remains valid in a
wide range of situations. It breaks down when short wavelengths are considered and also if

pulses of sufficient intensity are used. See the discussion in chapter 2, section 2 of Ref. [215].

If the laser field is intense enough, the velocity that an electron can gain in the field is
comparable to the speed of light. In the relativistic limit, the dipole approximation no longer
holds and the electron dynamics must be described by the Dirac equation. To estimate an
electron’s velocity, we employ the semi-classical model of strong field-matter interaction [216].
In this model we consider that only one electron can be ionised, and that after ionisation, the
dynamics can be described by Newton’s equation of motion. We consider that the electron

has zero velocity at the point of ionisation, and we assume that the Coulomb potential can be
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neglected. In that case, Newton's second law becomes
Z(t) = —E(t). (2.92)

In the dipole approximation, we write the electric field analogously to the vector potential in
Eq. (2.91), i.e.
E(t) = Epcos (wrt+9) . (2.93)

Integrating Eq. (2.92) gives the velocity as

E
i(t) = =2 | sin (wrto + 6) — sin (wt 4 6) (2.94)
wr,
where Ej is the peak of the electric field, £ is the time when the electron was ionised. There-
fore, the maximum velocity that an electron can gain in the field is
E
Umax = —2. (2.95)
wr
For a laser pulse of A\ = 800 nm and I = 10'* W/cm? of intensity, the velocity is about
Umax = 0.93 au. Comparing with the speed of light gives

Umax _ 0.93
" A e = 0.0068. (2.96)

This small ratio justifies the use of the dipole approximation and the non-relativistic Schrédinger
equation. Relativistic effects start to play a role for velocities greater than a tenth of the speed
of light. For an IR wavelength (A ~ 800 nm), the threshold intensity is about I, = 2.1 x 1016
W/cem?, which is much higher than the intensities employed in this work. For more informa-
tion about dynamics beyond the dipole approximation and relativistic effects in strong field

ionisation, see references [217, 218].

Short duration laser pulses are considered in this work, as opposed to the continuous wave
fields described by Eq. (2.91). In that case the field is modified by a pulse envelope. Consider

a laser pulse linearly polarised along the z direction. The vector potential can be written as
A(t) = Aof(t) cos (wit + @) &, (2.97)

where ¢ is now called the carrier-envelope phase, and f(t) is the function that describes the

temporal envelope of the pulse. We model the envelope as

in® (%)  f T
() = sin (T) or 0<t< (298)

0 otherwise

where T’ is the pulse duration.

An example of this pulse is shown in Figure 2.3a. This is the pulse shape that we considered
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in this thesis. One important aspect of this pulse description is that it ensures that both the
electric field and the vector potential are zero at t = 0 and at the end of the pulse, ¢ = T'. Such
an envelope overcomes problems associated with Gaussian envelopes which satisfy f(t) = 0
when ¢ = Fo0. For longer pulses, the temporal profile is better described by the trapezoidal

shape, those function is

%[1—(}05%’9} for 0<t<ty
1 for tl S t S t2
HOERM ) (2.99)
5[1—008 T_tQ} for to<t<T
0 otherwise

where there is a ramp-on that goes from ¢ = 0 to ¢ = ?;, then there is a flat region, and later
the pulse ends with a ramp-off from ¢t = t5 tot = T'. An example is shown in Figure 2.3b. The
ramp-on and ramp-off usually lasts only a few cycles, in order to avoid pre-ionisation before

the pulse reaches its peak intensity.

0.5 0.5
S S

2 00 2 00
I I

-0.5 -0.5

0 5 10 15 20 0 10 20 30 40 50
time (fs) time (fs)
@ (b)

Figure 2.3: Vector potentials with temporal profiles for (a) sin? shape and (b) trapezoidal shape. Both
frames corresponds to laser pulses with a wavelength of A = 800 nm, and an intensity of I = 10 x
10 W/em?. In frame (a) the pulses has 8 cycles, whereas in frame (b) the pulse has in total 20 cycles,
ramped-on and ramped-off over 3 cycles.

Using Eq. (2.80), the electric field is related with the vector potential by

10A
E = T (2.100)

Hence, the electric field is just

E(t) = Eof(t)sin (wpt + ¢) — 5288{ cos (wpt + @) . (2.101)

The above formalism can be extended to consider circularly polarised pulses. Consider a

circularly polarised pulse which lies in the z — 2 plane and propagates in the y direction. The
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vector potential can be written as
A, /(t) = Ao f(t) [cos (wpt + ¢) éx - sin (wrt + @) &] . (2.102)

where positive sign in the brackets correspond to right-handed (r) polarisation, whereas the

negative sign corresponds to left-handed (1) polarisation. The electric field is

E, j(t) = Eo(t)és & E.(1)é., (2.103)
where
Bo(t) = i% F(£)sin (it + 6) — wiﬂ/i%i cos (wit + 6) (2.104)
and B B, Of
Et) = _ﬁf(t) cos (wrt + ¢) — or/3 Ot sin (wpt + ¢) . (2.105)

2.7 Gauge invariance

Expanding the Hamiltonian given in Eq. (2.4) we obtain

1, 1 1

=_ A*(t) —i—V. A(t) —i—A(t) V.
" e ¢ pec? Q "tec Q "tec ®)
1 Zl ZQ leZ
- —Vi- — : 2.106
un N w—R| r+R R (2.106)
In Section 2.7 we have assumed the Coulomb gauge, V - A = 0, so
V- (AV)=A-(VI)+ (V- AT =A-(VVD) (2.107)

for any wavefunction W. Therefore, V and A commute. We can now write the Hamiltonian
in Eq. (2.106) as

. AXt) — i A(t) - Ve — — V3 — -
" 2pe ve * Nec2 ( ) Zﬂec ( ) 2unN VN ‘7" — R’ ’7“ + R‘ + R
(2.108)

This is the velocity gauge description of the electron-field interaction (also known as minimal
coupling gauge). The ponderomotive terms, those which contains A?(t), have an average
value which is equal to the ponderomotive energy. These terms can be removed from the

Hamiltonian with the gauge transformation
i ! 2041\ J4/
U(r,R,t) — exp 2, A*(thdt'| U (r, R, t) (2.109)

as they only introduce a phase in the wavefunction. Applying this transformation to the TDSE,

the Hamiltonian now has the form
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B 1

5 1 1 o Z Z 212y

VZi—Al) V.- —V& — - +
AT oy N R rrR R

(2.110)

Another popular form for expressing the Hamiltonian is achieved with the transformation

U(r, R, t) — exp [Zr : A(t)] U(r, R,t). .111)

Applying this transformation to the TDSE with the Hamiltonian given by Eq. (2.108) gives

B 1

2 1 1 o Z Z 212y

Vi —r . E(t)— —Vi — - + , 2.112
DT T I R T

where we have used Eq. (2.100). This Hamiltonian is known as the length gauge description

of the electron-field interaction, and was first introduced by Maria Goppert-Meyer [44].

The main difference between the length and velocity gauge is the description of mechanical
momentum. In velocity gauge, the canonical momentum will be a slowly varying function.
Consider the gauge-invariant mechanical momentum for the electron

_dr

P(t) = — =i[H.r]. (2.113)

In the velocity gauge, the mechanical momentum is just
1
P(t)=p— -A(t), (2.114)
c

whereas for the length gauge the mechanical momentum coincides with the canonical mo-
mentum , i.e. P(t) = p(t). For an electron oscillating in the presence of the laser field the

amplitude of motion is given by

1 t

at) =~ / dt’ A'(t). (2.115)
¢ Jo

a(t) is known as the quiver amplitude of the electron in the field. The momentum of the

electron due to the laser field is then
. 1
a(t) = —A(1). (2.116)
c

Hence the momentum of the electron given by the field is separated from the canonical mo-
mentum. Therefore, in the velocity gauge, the canonical momentum will be a slowly varying
function that can be seen as the mean mechanical momentum averaged over one cycle of the

field, whereas in the length gauge the canonical momentum will be a rapidly varying function.
Another frame, not widely used, is the Kramers-Henneberger (KH) gauge, also called the

acceleration gauge. This gauge moves the reference frame to that of the oscillating electron.

Now the ions potential is time-dependent, and the fast oscillations of the electron in the field
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is removed. The transformation for this gauge is given by [219]
7 t
U(r, R, t) — exp [— p-/ dt’A(t’)} U(r, R, t). (2.117)
¢ 0

The resulting Hamiltonian has the form

1
2fte

2_ J— J—
Ve QMNVN lr +a— R)| ]r+a+R\+ R

H = — (2.118)

where o is the quiver oscillation of the electron in the laser field. It was first used by Hen-
neberger to study multiphoton process with a perturbative treatment at a non-perturbative
laser intensities. More recently, it has been used to study atomic stabilisation in laser fields at
very high intensities [220, 221].

Throughout this thesis we will be use both velocity and length gauges descriptions.

2.8 Summary

In this chapter we have discuss the theoretical treatment used for the quantum mechanical de-
scription of the hydrogen molecular ion exposed to intense laser fields. In particular, for the
range of laser frequencies and intensities employed in this work, the semi-classical description
of the laser-molecule system is justified, where the laser radiation is simplified assuming the
dipole approximation. Moreover, our treatment assumes a non-Born-Oppenheimer descrip-
tion of the molecular Hamiltonian, thus treating quantum-mechanically both electronic and
nuclear degrees of freedom. In Section 2.4 the Lagrangian formalism is introduced in order
to express the time-dependent Schrodinger equation in generalised curvilinear coordinates.
Transformations for scaled cylindrical and Cartesian coordinates systems, that they will be
used later in Chapter 3, are introduced to efficiently solve the TDSE. The laser radiation is
simplified assuming the dipole approximation. Finally, a brief review on gauge descriptions

commonly used in laser-matter interactions and their transformations are given in Section 2.7.
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Programming computers to perform simple human tasks is diffi-
cult: getting a computerized robot to vacuum a room or empty a
dishwasher, even to minimal standards, is a problem that has out-
stripped the abilities of several generations of researchers in arti-
ficial intelligence. By contrast, no special effort is required to pro-
gram a computer to behave in unpredictable and annoying ways.
When it comes to their capacity to screw things up, computers are
becoming more human every day. “To err is human. To really

screw things up requires a computer.”

Seth Lloyd, Programming the Universe

Numerical implementation of the laser-driven

HJ model:

The THeREMIN and RHYthMIC codes

In this chapter we present computational details of the codes we have developed to implement
the solutions of the TDSE using the methods described in Chapter 2. THeREMIN (vibraTing Hy-
dRogEn Molecular IoN) and RHYthMIC (vibRating HYdrogen Molecular Ion in Cartesian) are
codes which solve the time-dependent Schrodinger equation for Hj interacting with intense
ultra-short laser pulses. The codes treat both the electronic and the nuclear motion quan-
tum mechanically. THeREMIN solves the TDSE for Hy in the presence of a linearly polarised
laser pulse with the polarisation direction parallel to the molecular axis. The code solves the
TDSE using cylindrical coordinates and thus treats the electronic dynamics in 2D. RHYthMIC
is an extension of THeREMIN which relaxes the constraints on parallel transitions. It solves the
TDSE in Cartesian coordinates, treating the electronic dynamics in 3D. Arbitrary orientations
between the molecule and laser can be considered and laser pulses of general polarisation (in-
cluding circularly polarised pulses) can be described. For the laser frequencies and intensities
generally considered in strong field physics and attosecond science, it is reasonable to restrict
the nuclear motion along the internuclear axis. Therefore, THeREMIN solves the TDSE in 3D
(2D+1D), while RHYthMIC solves it in 4D (3D+1D). The dimensionality of the codes, in addi-
tion to the sizes of the grids needed to describe interactions with strong laser pulses, results
in large memory requirements. For that reason, both codes are specifically designed at the
outset to exploit high performance computing (HPC) facilities. Both codes have been written

in modern Fortran 2003, and parallelised using the MPI protocol.
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The chapter is arranged as follows: Section 3.1 presents the grid method used for discretis-
ing the TDSE and the use of coordinates scalings to adapt the resulting meshes to a particular
problem. Section 3.2 introduces the Arnoldi method, used to numerically propagate the TDSE
in time. In Section 3.3 the wavefunction splitting methods used to avoid reflections from the
edges of the grid are detailed. Finally, Section 3.4 introduces the grid parallelisation strategy
employed and gives some code scaling results for both THeREMIN and RHYthMIC.

3.1 Finite-difference grid technique

The numerical treatment chosen to solve the TDSE is the finite-difference method. In finite-
differences we discretise a continuous space, z, in a set of n grid points, {z;,i =1,...,n}. In
most cases the grid points are equidistant with spacing Az. Functions that live in this space,

f(z), take values at each grid point, f; = f(z;).

The method is easily extended to several dimensions. In the follow we will introduce
the formalism for one dimension. For coordinate x we employ N, points to cover the range

ZTmin < & < Zmax, where the grid spacing is given by

Az = % (1)
—

This results in equally spaced grids. The grid points are labelled by
Tj=Tmin+ (J—1)Az, j=1,...,N,. (3.2)

Derivatives are approximated by finite difference formulae. In particular central difference
rules are used for greatest accuracy and because they result in Hermitian finite difference ma-

trices. The formulae for the derivative of order k of a function f(x) at the grid point ; can be

written as
ok Niq
o) = Y O f(ri0) (33)
v=—Ngy

where the C’,Sk) are the finite difference coefficients for the k" derivative, and the order of the
finite difference formula is 2Ngq + 1. Particular finite difference rules are obtained by approx-
imating f(x) by a Lagrange interpolating polynomial. An efficient algorithm to obtain finite
different coefficients at any order can be found in Ref. [222, 223]. These formula are used for

the derivative operators appearing in the scaled coordinates in Section 2.5.

3.1.1 Calculation of the Coulomb potential in Cartesian coordinates
From Eq. (2.4), the molecular Coulomb potential is defined as

Z1 Z2 ZIZQ
— — 3.4
r—R/2 [r+R/2 R (34)

V(r,R) =
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where Z; and Z3 are the charges of the nuclei, r denotes the electronic position vector and R
the internuclear position vector. The easiest way to describe this potential on a finite difference
grid is to evaluate Eq. (3.4) at each grid point. However, if a grid point coincides with the
position of one of the ions, i.e. |r £ R/2|= 0, this will result in a singularity on the grid. In
order to avoid such singularities while also describing the Coulomb potential accurately we
obtain the potential associated at each ion, V4 (7, R) by solving the corresponding Poisson

equation V2V = —4mp
VVi(r,R) = 4w Zp0(r — Ry) for k=1,2. (3.5)

In this equation Z;0(r — Ry) is the volume charge density that describes a point charge lo-
cated at each ion. To avoid a singularity we approximate the Dirac delta function as a narrow
Gaussian, i.e. [171, 210]

2
8(r, Ry,) ~ Ay exp [—(’“_Vf’“)] 3.6)
k

where Ay, is a normalisation factor which must satisfy

2
/dr Ajexp [—W] =1, (3.7)
Vi
and )
/dr r A exp [_(7“—7?14)] = Ry. (3.8)
k

By tuning the width of this Gaussian, 7k, we can accurately tune to the correct energy states
on the grid. The Poisson equation is solved numerically on a finite difference grid using a
conjugate gradient method. In order to apply the boundary conditions required for solving
the Poisson equation we use a multipole expansion of the charge distribution [224]. Hence,

the potential given by each ion is

[ drpi(r' — Ry,) 3rury — Ouu RE R?
Vi(r—Ry) = Ry —i—Z “|R ‘34—2 " Rl UV = T,Y, 2,4 ...

(3.9)
where py, () is the charge density associated with the ion k, 0, is the Kronecker delta, p,, is

the dipole moment
Pu = /dr rupk(r — Ry), (3.10)

and ¢, , is the quadrupole moment

1
Qv = /dr irﬂr,,pk(r — Ry,). (3.11)
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For more detail on solving the Poisson equation, see Reference [224]. The total Coulomb po-

tential created by both ions is simply
2
k=1

This approach to obtain the Coulomb potential has been implemented by Modine et. al. [210]

and Dundas [171] in the context of electronic structure calculations and multi-electronic molecules.

3.2 Time propagation
We start by writing the solution of the TDSE in Eq. (2.2) as
U(t 4+ At) = U(t + At, 1)U (t) ~ exp~ M1t W (t) (3.13)

where

Ut + At t) = exp (—iHAL) (3.14)
is the time evolution operator. We can obtain this expression for the evolution operator by
Taylor expanding U (¢t 4+ At). This gives

ov(t) 1 0%W(t)

U(t+ A = U(H) + — LA+ s

1 0%0(t)
(At)? + 3 55 (At)* +...  (3.15)

Now from the TDSE we have 9% = —iHW and 8?0 = (—iH)* — i (OyH) ¥. Neglecting
the time derivatives of H we can write the time-derivatives in Eq. (3.15) in terms of successive

applications of the Hamiltonian

OF W (t)
otk

= (—iH)"W(t). (3.16)

This approximation is justified since the time derivatives of H can be approximated as sinu-
soidal perturbations of the electric field that have and intensity three of four orders of smaller

than the intensity of the electric field. Thus Eq. (3.15) can be written as

\IJ(t+At):§:

. k
CHOZD gy 0) (317)
k=0 '
and so - . N
U(t+ At,t) = Z (_zH](j)At) = exp (—iHAL) (3.18)

k=0

Hence the simplest explicit approximation to this propagator is the n'" order Taylor Series

n . k
Ut+At,t)=> M{?M. (3.19)

k=0
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One significant drawback of this propagation is that it is not unitary. We would like to over-
come this problem while retaining much of the desirable qualities for applying it. We can
achieve this using the Arnoldi propagator. We begin by constructing a set of vectors that span

the Krylov subspace K, 41
Kpy1 = {U,HY, H Y, ... H" T}, (3.20)

Gram-Schmidt orthonormalisation is required to obtain the orthonormal set { Qo, @1, . .., @n }
that span K, ;1. These vectors form the (n + 1) columns of the orthonormal matrix () (where
Qo = U/|¥|). This means that (), is obtained by calculating H Q1 and then orthonormal-

ising this vector with respect to Qo, . . ., Qx—1. We can write

HQk = hiy1,6Qky1 + hepQr + - .. (3.21)

where h;; are the coefficients of the upper-Hessenberg matrix of dimension (n +1) x (n+1).

The above equation can be expressed in matrix form as
h=Q"HQ. (3.22)

We point out that h is the Hamiltonian in the Krylov subspace. At this point, we can interpret
the Arnoldi method as a orthonormal reduction of the Hamiltonian to a Hessenberg form.

Now, we can approximate H by

H = QhQT (3.23)

in Eq. (3.13) using the fact that (QhQT)™ = Qh™ Q1 so that
e—i'}:wt _ Qe_ih&QT. (324)

The exponentiation through direct diagonalisation of h is inexpensive compared to the same
operation over H. Not only is h a tridiagonal matrix (if H is Hermitian), but is also generally

much smaller than the size of the typical Hamiltonian in our calculations.

One of the main benefits of the Arnoldi method is that it gives a more accurate solution
of Eq. (3.13) compared to other propagators, allowing the use of larger time-steps obtaining
results with the same level of accuracy. This is because if the wavefunction is a linear com-
bination of n 4 1 eigenvectors of the Hamiltonian #, these eigenvectors are contained in the
Krylov subspace K, 1. Hence the propagator is unitary and the solution is exact up to order

n + 1. We can mention other advantages, for example
e the computational overhead rises linearly with the order of the propagator,

e the method also provides an efficient way of calculating the eigenstates of the Hamilto-

nian, and

e the performance of the Arnoldi method scales linearly with the order of the propagator.

This feature makes the propagator over twice as efficient compared to other explicit
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propagators, such as the Taylor series.

These advantages make the use of the Arnoldi method ideal for massively parallel calculations.
Indeed, this method has been widely used in many studies such as the study of the laser-
driven helium atom [225, 226], the study of laser-driven H;‘ [153, 154] and the study of Na
and benzene using a mixed quantum-classical approach (the nuclei are described classically
and the electrons quantumly through TDDFT) [171, 172].

3.3 Absorbing boundaries

Studying laser-matter interactions involves the description of high-energy electrons ionised
by the intense laser field. These electrons can travel far away from the parent system, mean-
ing that large simulation boxes are required to calculate the dynamical response. Since we are
limited to finite grid sizes, the use of some type of absorbing boundary is mandatory to avoid
reflections of the wavefunction from the edges. Therefore, the absorption will divide our space
in two regions: in the absorption region, the outgoing wavefunction will be damped exponen-
tially, whereas in the inner region the evolution of the wavefunction will be unaffected by the
absorber. There are three methods usually employed for absorbing boundaries. We will de-

scribe each of these considering a wavefunction in one spatial dimension, ¥(r).

* Mask function absorption (MFA): The first and most simple approach is to write a mask

function that splits the wavefunction in two parts
U(r)=M(r)¥(r)+[1—M(r)]¥(r) (3.25)

where the first term in the right-hand side represents the bound states, located near the
origin, and the second term represents the outgoing ionised wavepackets. This method
is usually called the mask function absorption (MFA) [227, 228] or splitting technique.
The masking function effectively acts as a potential that, in the limit of larger distances,
damped the outgoing flux to zero. The transition between regions must be smooth to

avoid artefacts as the wavepacket moves between the two zones.

e Complex absorbing potential (CAP): The second approach is called the complex ab-
sorbing potential method. It is similar to MFA. In this case, we introduce a complex
potential which has a purely imaginary part in the outer region, that acts as an absorber
of the electron wavepacket. As in the MFA method, the transition between the inner and
outer region must be smooth. The Hermiticity of the Hamiltonian is broken by the use of
complex potentials, so the Hamiltonian is no longer unitary. Although this is precisely
what we are looking for (i.e. to lose population at the edges of the box), one must be
especially careful when we work with non-hermitian Hamiltonians because now eigen-

functions are not square-integrable. A discussion of CAP can be found in [227, 229].

¢ Exterior Complex Scaling (ECS): This is the most sophisticated of the three methods,

and it is called Exterior Complex Scaling. It consists of transforming the coordinate
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space to the complex plane from a certain scaling radius [230]:

T if |r|< ro
r—z(r)=< (3.26)
et? (r+mro) Fro if|r|> 1o

Assuming this scaling, the outgoing wavepackets can be written as
exp (ipr) — exp (ipro) exp (ipcos O(r — ro)) exp (—psin 6(r — rg)) (3.27)

where the last term causes exponentially damping. The method has been optimised for
long wavelengths [149], as the problem of absorption of outgoing wavepackets with low
frequencies arises in strong field ionisation. The implementation is called infinite-range
exterior complex scaling (ir-ECS). It was firstly coded using the finite-elements method
(FEM), and now it has been extended to finite-elements methods with the discrete vari-
able representation method (FEM-DVR) and finite difference methods [151].

In our work we use the MFA. We have considered two forms for the mask function, namely

1 if |r|<ra

M(r) = 2 (3.28)
exp [— ("”‘%’"A) } if [r|> 74
and
1 if |r|<r 1—M
1- a(‘T’_r)E) if |7"> TA (Tmax - TA)

In these equations 7 4 is the position at which the absorber starts, rmay is the maximum extent
of the grid in that dimension, M is the value of the masking function at the edges of the grid,
and finally o controls the slope of the function (3.28). The advantage of the function (3.29)

rather the function (3.28) is that it causes a smooth damping up to the 4** derivative.

Using these definitions of the mask functions in 1D, the total mask function applied to the

n-dimensional wavefunction is

M(z', ... z") = HM(xk) (3.30)
k=1

where {z!,..., 2"} are the electronic coordinates of the particular coordinate system we are

using.

3.4 TParallelisation of the codes

Parallelisation of the resulting codes is performed using a technique called regular domain
decomposition, in which each processor is responsible for a particular subset of the grid, in
that case the full finite-difference grid is split across processors. In the following, to illustrate
the parallel scheme, we consider a 2D spatial grid, with coordinates z! and 2. Along the

2! direction, N}

loc local points are stored per processor, so the total number of points in this
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direction is N! = NLN._, where N} is the number of processors in the x! direction. The
22 coordinate is distributed analogously, so the total number of processors involved in the
calculation is

Np = NhNZ. (3.31)

We can label each processor as
P, i=12andp=1,...,N,. (3.32)
To map a local point 7}, on processor p we write

wh = —ah+ (Npe x Pl k—1) x Az’ k=1,...Nj. (3.33)

In order to calculate the derivatives present in the Laplacian operator and in the laser inter-
action term we required N4 halo points per dimension. The following communication pattern
can be applied: we must only communicate the points that are located at the boundaries of
each processor with their neighbours, in a process called boundary swapping. An illustration
of this scheme can be seen in figure 3.1, where the squares represents the points that lies in the
processor’s domain, whereas the dots represents the halo points that the processor needs from
their neighbours to calculate the derivatives at the grid points on the edges. In this example we
use a 5-point finite-difference rule, so only two halo points are required for communication on
each boundary. Swapping only halo points for finite-difference operators with neighbouring
processors reduces the communication overhead between processors. In fact, the calculation
of the Laplacian operator is the cause of the major communication bottleneck during calcula-
tions. Using the parameters presented in table 3.1, we show scaling results for the THeREMIN
and RHYthMIC codes in figure 3.2. In these figures, we have kept the number of points per
processor constants while increasing the total number of processors involved in the calcula-
tions. In a perfect situation in which no communication overhead where present, the plots
will represent a flat line at a constant calculation time, because the calculation time would be
independent of the number of processors used. Our results shows a scaling which is near con-
stant for both codes. In figure 3.2a the calculation time increases 10%, whereas in figure 3.2b
the calculation time only increases 5%. The better scaling found in RHYthMIC is due to the
lower workload in THeREMIN compared to RHYthMIC, which causes a larger communication
bottleneck. On the contrary, in RHYthMIC the larger calculation time spend by each processor

compared to the overhead caused by communication reduces the communication bottleneck.

3.5 Summary

In this chapter we have discussed the numerical implementation our Hj model, which as
a result two codes have been written: THeREMIN, implemented in cylindrical coordinates,

and RHYthMIC, implemented in Cartesian coordinates. We have presented how the time-
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Figure 3.1: Diagram of the communication scheme for a 2D finite-difference grid. The lines represent
the processor boundaries and the squares represents the local points. The dots denote the halo points
for a given processors, where the red and blue dots are the halo points in the 2! and 22 direction re-
spectively.
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Figure 3.2: Scaling results for the THeREMIN and RHYthMIC codes. The plots correspond to the time
that a calculation takes depending on the total number of processors. On the tests we have kept the
number of grid points per core constant. The points in (a) corresponds to number of cores 888, 1824,
259, while in (b) corresponds to number of 1134, 3402 and 18522. Perfect scaling will result in horizontal
lines.

dependent Schrédinger equation can be efficiently solve by using a finite-difference grid tech-
nique. The use of scaled coordinates allow us to accumulate a higher density of points in
specific regions in order to improve the accuracy of the calculation. Also, the Coulomb poten-
tial in Cartesian coordinates is obtained from the solution of the Poisson equation, since direct

evaluation of the Coulomb potential potentially arises a grid discontinuity if one of the grid
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Simulation Number of cores Grid Extent

Pr=8 0<R<42
1 P,=3 0<p<67
P, =37 —102 < 2 <102
Pr=8 0<R<42
2 P,=4 0<p<103
P. =57 —157 < 2 < 157
Pr=8 0<R<42
3 P,=4 0<p<103
P. =81 —223 < z < 223

(@) THeREMIN paramaters

Simulation Number of cores Grid Extent

1 Pr=2 0<R<14
P, =9 —31<z<31
P, =9 ~31<y <3l
P, =7 —24 <2< 24
2 Pr=2 0<R<14
P, =9 —31<z<31
P,=9 —31<y <3l
P, =21 —73<2< 73
3 Pr=2 0<R<14
P, =21 —73<z <73
P, =21 —73<y<T3
P, =21 —73<2<73

(b) RHYthMIC parameters

Table 3.1: Tables containing the data employed in the scaling results shown above. Table (a) corre-
sponds to the THeREMIN results, while table (b) corresponds to the RHYthMIC results.

points coincides with the position of one of the ions. For time propagating the wavefunction,
two different method are discussed: the Taylor series and the Arnoldi method. The Taylor
series is a straightforward method based on a expansion in time of the wavefunction, where
the terms in the Taylor series can be obtain by applying successively the Hamiltonian on the
wavefunction. At the same time, the Arnoldi method is based on the diagonalisation of the
Hamiltonian in the Krylov subspace using a Lanczos iteration. The performance of the latter
method presents advantages over the Taylor series, which converts the Arnoldi method an
ideal propagator for massively parallel calculations. We ended this chapter illustrating how
the codes can be paralellised across many processors, and describing a technique required
for the calculation of the Laplacian operator called boundary swapping, that allows efficient
communication between neighbour processors. Scaling results for the codes is also presented,
where we have plotted calculation time against number of processors. For the THeREMIN code

calculation time increases 10%, while for the RHYthMIC code calculation time only increases

5%.
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Role of the vibrational states in high harmonic
generation and strong-field ionisation and

dissociation of HJ

As we have already seen in the introduction, the interaction of strong laser pulses with atoms
and molecules leads to the generation of high harmonic radiation. This highly non-linear phe-
nomena is the source of light pulses of attosecond duration in the XUV regime. The develop-
ment and advances in this new kind of laser sources have inaugurated a new field in physics:

attosecond science.

The attosecond domain is the natural timescale for electronic processes occuring in atoms
and molecules. Many fundamental processes such as ionisation, dissociation or dissociative
ionisation happens within the sub-femtosecond timescale. If we consider molecules, electron-
ion correlations play a crucial role in molecular dissociation, dissociative ionisation and elec-
tron localisation. Those mechanisms are the key to understanding more complex molecular
processes such as charge migration and chemical reactivity. In order to study these processes
in detail, accurate theoretical tools that take into account electron-nuclear correlation are re-

quired.

The hydrogen molecular ion represents one of the best platforms to understand the com-
plexity of electron-ion correlations, since it only involves one electron and two protons. Nowa-
days, it is one of the few systems that allows the quantum-mechanical treatment of electrons
and ions on an equal footing and in full dimensionality. With a non-Born-Oppenheimer ap-

proach it is possible to study in detail the rich variety of phenomena, such as electron cor-
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relation [106, 112] that occur in this simple molecule. Due to the huge computational effort
required to solve this problem, an implementation of a TDSE solver that is as accurate and
efficient as possible is essential. The codes presented in this thesis, THeREMIN and RHYthMIC,

were created to achieve these goals.

The chapter is arranged as follows: Section 4.1 we present static properties of Hy , calcu-
lated using a static Hamiltonian with THeREMIN. We compare calculated eigenenergies of the
molecule with previous results available in the literature. We also discuss the convergence cri-
teria for the grid parameters used in these calculations. In Section 4.2 dissociative ionisation
of HJ by short duration VUV laser pulses is studied. The photon energy of the laser pulse is
tuned to match the energy gap between the ground o, state and the o, dissociative state. This
scenario has been studied previously using a 1D description of the electron dynamics and a
1D description of the ionic dynamics [231]. In Section 4.3 we study HHG in Hj exposed to
intense IR laser pulses. In these calculations we calculate the response starting from different

vibrational states.

4.1 Static properties of Hy

As we saw in the Chapter 2, to include nuclear vibration the nuclear coordinate, R, is treated
as another quantum coordinate rather than a fixed parameter in our calculations. In that case,
the resulting molecular wavefunction, ¥ (7, R, t), is not factorised into an electronic part and
anuclear part, as in the Born-Oppenheimer approximation. Calculating time-independent so-

lutions of the TDSE therefore gives us information about the vibrational states of the molecule.

The non-Born-Oppenheimer eigensolutions for the molecular Hamiltonian are obtained
using the Thick-restarted Lanczos (TRLan) method, which is an iterative scheme based on the
eigen-decomposition of the Krylov-subspace Hamiltoninan [232]. The method is implemented
in the library TRLan [233, 234], which calculates the eigenenergies and eigenvectors for a given
Hamiltonian. In Figure 4.1a we present the potential energy curves of the H;‘ molecule. The
solid lines are calculated using a close-coupling method (courtesy of Alicia Palacios). In our
work to test the accuracy of the eigenstates obtained with THeREMIN we only compare the two
lowest electronic states, 1s0, and 2po,, potential energy curves, calculated with THeREMIN,
plotted over the corresponding solid lines. We found good agreement between the close-
coupling results and our results obtained solving our finite difference Hamiltonian. In the
diagram, only states with ¢ and 7 symmetry are represented. We note that linearly polarised
light aligned parallel to the molecular axis can only excite o,4/0,, states (AM = 0), whereas
linearly polarised light aligned perpendicular to the molecular axis will populate 7, /7, states
(AM = =£1). Subsequently photon absorptions may reach o or § states and so on. We note
that, since in THeREMIN only allows laser polarisation to be parallel to the molecular axis, only
o states can be obtained in our calculation. In figure 4.1b we present the fifteen lowest eigen-
values of the molecular Hamiltonian: these correspond to the fifteen lowest vibrational states

of the H; molecule in the o, potential energy surface.
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(b) H; potential energy curves. Zoom in showing the lowest vibrational states of the molecule.

Figure 4.1: (2) Diagram of the potential energy curves for the HJ molecule as a function of the internu-
clear distance R. The solid curves are calculated using a close-coupling method (courtesy of Alicia Pala-
cios), while the lines with dots and triangles are obtained using THeREMIN. (b) Detail of the 150 state, in
which the first lowest vibrational energy levels are shown. Our potential energy curves were calculated
with THeREMIN at fixed internuclear distances using a grid spacing of Ap = 0.1 and Az = 0.05. The
vibrational eigenenergies, labelled with the quantum number v, were calculated with THeREMIN using grid
spacings of AR = 0.05, Ap = 0.1 and Az = 0.05.

In order to test the accuracy of the eigenenergies obtained with THeREMIN we have com-
pared against accurate results available in the literature. The ten lowest energies are shown in

table 4.1, which have been calculated using both a coarse and a fine grid. The grid parameters
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corresponding to each set can be found in the caption of table 4.1. In addition, we compare
our results with two sets of previous results, from references [155, 235]. In Previous (1) [155] a
finite difference grid is also used, and the eigenenergies are obtained from the diagonalisation
of the Hamiltonian using the PETSc [236-238] and SLEPc [239-241] routines. In contrast, in
Previous (2) [235] an accurate variational method using a basis set in perimetric coordinates
is implemented. The diagonalisation of the Hamiltonian is performed with a Lanczos algo-
rithm [242]. The largest difference between Present (1) and Previous (2) is less than 1%.

State  Present (1) Present (2) Previous (1) Previous (2)

v=0 —0.59707  —0.59714 —0.59740 —0.59714
v=1 —0.58713 —0.58715 —0.58744 —0.58716
v=2 —0.57920 —0.57774 —0.57808 —0.57775
v=3 —0.57271 —0.56890 —0.56930 —0.56891
v=4 —0.56064 —0.56060 —0.56106 —0.56061
v=>5 —0.54971 —0.55283 —0.55337 —0.55284
V=06 —0.54644 —0.54558 —0.54619 —0.54559
v=7 —0.53807  —0.53885 —0.53951 —0.53886
V=38 —0.53563 —0.53262 —0.53334 —0.53263
v=9 —0.52949 —0.52690 —0.52766 —0.52691

Table 4.1: Vibrational energy states of the H molecule. The first and second columns correspond
with calculations using THeREMIN, while the third and fourth columns correspond to previous results.

In Present (1) the grid parameters employed are Ap = 0.1, Az = 0.20 and AR = 0.20 (coarse grid),
while in Present (2) the grid parameters are Ap = 0.1, Az = 0.05, AR = 0.05 (fine grid). Previous
(1) column correspond to the results available in Niederhausen et al. [155], while column Previous (2)
contain the results found in Hilico et al. [235]

4.2 Dissociative ionisation of Hj by VUV laser pulses

In the following section we discuss results for the interaction of Hj with an ultrashort laser
pulse in the VUV frequency regime at moderate intensities. We present two sets of results:
In the first set of results we consider the molecule is initially in the vibrational ground state
(v = 0) of the 1s0, potential energy curve, and in the second set the molecule is initially in
the third vibrational state (v = 2) of the 150, potential energy curve. Both initial states have

been previously obtained with TRLan method.

42.1 Dissociative ionisation from the 1s0,(v = 0) state

We now consider the response of the Hy molecule exposed to a VUV laser pulse whose central
frequency is resonant with the energy gap between the 1s0,(v = 0) state (which corresponds
to the ground state of the molecule) and the 2po,, state (which corresponds with the first ex-
cited and first dissociating state of the molecule). A schematic diagram of the molecular tran-

sition in terms of potential energy curves are shown in Figure 4.2.
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Consider a 3-cycle pulse. The total duration of the pulse is approximately 1 fs, the central
frequency is wy, = 0.43 au (11.23 eV), which corresponds to a wavelength of A = 105.3 nm,
and with a peak intensity of I = 8.4 x 1012 W/cm?. These laser parameters are well within the
multiphoton regime, and so we expect multiphoton ionisation to be the dominant ionisation
mechanism. In particular for the given photon energy, see Figure 4.2, the one and two-photon
ionisation channels are expected to be forbidden since three photons are required to reach the

continuum.

The grid parameters used in the calculation are given in table 4.2. For these parameters
the size of the resulting wavefunction is 22377600 elements. For the time evolution, we use
and 18" order Arnoldi propagator with a time-step At = 0.05 au. The wavefunction is prop-
agated for 60 cycles after the end of the pulse. The resulting calculation was parallelised over

270 cores and the calculation time was 56 minutes.
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Figure 4.2: The four lowest potential energy surfaces for H;‘ together with the Coulomb explosion limit.
The arrows represent the photon energy associated with a laser wavelength of 105.3 nm. This wave-
length is tuned to bridge the energy gap between the 150, state and the 2po,, dissociating state.

Coordinate Points per core  Number of cores  Grid spacing Mesh extent
R 80 10 0.05 0<R<40
P 28 3 0.1 0<p<243
z 37 9 0.2 —324<2z<324

Table 4.2: Grid parameters employed in the calculation of the response of H;‘ exposed to a 3 cycle VUV
laser pulse, having a wavelength of A = 105.3 nm and a peak intensity of I = 8.4 x 1012 W/cm?.

Plots of the probability density at various instants during the time evolution are present in

Figures 4.3 and 4.4. Also, an animation showing the full evolution of the probability density
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can be found in the additional material contained in the CD supplied in this thesis (file labelled
moviel.mp4 in the CD). Figure 4.3 presents the density integrated over the p coordinate

P(R,z,t) = /dp U*(R, p,z,t)¥(R, p, z,1) (4.1)
while Figure 4.4 presents the density integrated over the R coordinate
P(p,z,t) = /dR U*(R, p, z,t)¥(R, p, 2,1). (4.2)

The former density provides information about the electron dynamics along the laser polar-
isation direction together with the vibrational motion along R. The latter density presents
information about the electron dynamics only, and it is useful for understanding when a 3D

description of the electron dynamics is essential.

In Figures 4.3a and 4.4a we present density plots of the ground state wavefunction in the
v = ( vibrational state. The probability density is centred at the origin of the coordinates in
the p — z plot, while in the R — z plot is centred at = 0 and R = 2, which corresponds to the
equilibrium internuclear distance of the Hy . During the interaction with the pulse, the prob-
ability density oscillates back and forth along the z axis, i.e. parallel to the laser polarisation
direction. This oscillation is visible in the movie. Figures 4.3b and 4.4b presents density plots
at the end of the 3-cycle laser pulse. At this point several vibrational states of the molecule
have been excited, causing a distortion of the density in the R — z plane. In addition, some
wavefunction is ejected out of the molecule along the z axis, a signature of ionisation. Thus
we are observing ionisation and vibrational excitation. At this point we expect the molecule to
have been excited to the 2po,, state. Therefore if we consider the time-evolution of this excited

state over a longer timescale we should see evidence of dissociation.

In the P(R, z) plot, in Figure 4.3¢, 5 fs after the end of the pulse, we can distinguish
a group of two additional nuclear wavepackets at different internuclear separations. These
wavepackets travel out along the lines z = £ R/2 and are thus associated with dissociation.
The wavepacket at the largest internuclear separation has the highest density. However, in
Figure 4.4¢, P(p, z) plot, the motion of the nuclear wavepackets is still visible as wavepacket

along the z direction.

Figures 4.3d, 4.3¢, 4.3f and 4.3g for P(R, z) and Figures 4.4d, 4.4e, 4.4f and 4.4g for P(p, z)
present the densities at 10 fs, 12 fs, 14 fs and 15 fs respectively. We see a electron wavepacket
oscillating between the nuclear centres. This electron transfer is due to a coupling between
states with gerade and ungerade symmetry, in particular the coupling between 1s0, and 2po,,
states. The linear combination of these two states causes an asymmetry in the electron density
that causes electron localisation around one of the nuclei [106, 112]. Finally in Figures 4.3h and

4.3i we clearly see the molecule dissociated with two nuclear wavepackets far out along the
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Figure 4.3: Probability density plots P(R, z) of H2+ at particular instants during its interaction with a
3-cycle VUV laser pulse, having a wavelength of A = 105.3 nm (photon energy of w;, = 0.43 Ha) and
a peak intensity of I = 8.4 x 102 W/cm?. Each frame corresponds to (a) t = 0 fs, (b) t = 1.45 fs,
()t = 6.02fs, (d) ¢ = 10.02fs, (e) t=12.04fs, (f) t = 14.34fs, (g) ¢ = 15.25fs (h) ¢ = 16.04 fs, (i)
t=22.12 fs. The electric field is shown at the top of each frame, where the position of the dot represent

the specific time of the calculation.
65



Time: 0.00 fs

Time: 1.45 fs

Time: 6.02 fs

001

[—=="]

0
)
=

—001

o o =
_ ol _ ol - T
5 s 5 s 5 s
) X ) EX ) EX
N E N 2 N 2
H H H
o E) S
- - -
-10 -10 -10
-15 -15 -15
-20 -20 -20
s =] s
-25 -25 -25
-30 -30 -30
=35 6 =35 " =35

5 10 15 20 25 30 35 40 45 50 -7 -s
plau)

!
o

5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50 -7
plau) plau)

@t=0fs (b)t=1.45fs (©t=06.02fs

Time: 10.02 fs

Time: 12.04 fs

Time: 14.34 fs

0.01

rom
[
.

—
=

—o01

- T 5L %
g s 2 s 3 $
~ s ~ 5 ~ s

g g g

-4 -4 -4
~10 -10 -10
-15 -15 -15
~20 -20 -20

5 -5 =5
_25 -25 -25
-30 -30 -30

_35 S -35 . =35 -6
—40 -40 -40
-45 -45 -45

750077510 15 20 25 30 35 40 45 50 M7 7500775 10 15 20 25 30 35 40 45 50 M7 5097510 15 20 25 30 35 40 45 50 -7

plau) plau) plau)
@)t =10.02fs (e)t=12.04fs F)t=14.34fs
Time: 15.25 fs Time: 16.04 fs Time: 22.12 fs
Il oo il oo M Jeo
i foor Ul oo I |

-1 -1 -1

- -2 -2

3, =5 -3,

= 5 ¥ =

2 503 s 3 s

~ E ~ E ~ E

L8 .8 g
-10

-45

_500 5 10 15 20 25 30 35 40 45 50 -7 _500 5 10 15 20 25 30 35 40 45 50 -7 _500 5 10 15 20 25 30 35 40 45 50 -7
plau) plau) plau)

(®1t=1525fs (h)t = 16.04 fs ()t =22.12fs

Figure 4.4: Probability density plots P(p, z) of H;r at particular instants during its interaction with a 3-
cycle VUV laser pulse, having a wavelength of A = 105.3 nm (photon energy of w;, = 0.43 Ha) and a
peak intensity of I = 8.4 x 10'2 W/cm?. Each frame corresponds to (a) t = 0fs, (b) ¢t = 1.45 fs,
()t = 6.02fs, (d)t = 10.02fs, (e) t = 12.04fs, ()t = 14.34fs,(g) t = 15.25fs (h)t = 16.04

fs, (i) t = 22.12 fs. The electric field is shown at the top of each frame, where the position of the dot
represent the specific time of the calculation.
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lines z = £ R /2 for the density P(R, z), while in the P(p, z) plots these nuclear wavepackets

are separated along the z direction, visible in Figures 4.4h and 4.4i.

Now we integrate the density further. Consider integrating the probability density over all
spatial degrees of freedom apart from one. We consider two cases, P(z,t) and P(R,t). Plots
of these densities will allow us to follow the behaviour of the system in these coordinates
over all times considered. These density plots are shown in Figure 4.5. In Figure 4.5a, we
distinguish again between a central thick stripe centred at z = 0, which represents the bound
states, and two diagonal stripes, one for positive and negative 2, both representing dissociating
wavepackets. We also see a fast modulation of the density in the z direction which begins
before the end of the laser pulse. We associate this modulation with a superposition between
bound states of the molecule. The period of the oscillations for the first 4 fs is approximately

At =~ 0.3507 f s. Using the uncertainty principle

2
AF ~ — 4.
AT (4.3)

we obtain an energy difference AE ~ 0.4317 Ha, which is precisely the energy gap between
the 1s0, ground state and the 2po,, excited state of the molecule at R = 2 ao, but also co-
incides with the energy gap between the 2po,, and the 3do, states, that are connected by a
two-photon transition. At a later time, the period of these oscillations slowly increase. At 22
fs, the period is approximately At ~ 0.388 fs, which is coincident with the energy gap be-
tween the 2po,, and the 3do, states at R = 22 ag. This confirms that a two-photon transition
took place, and indicates that the superposition between the two states have evolved along

the potential energy curves.

In the lower frame, Figure 4.5b we distinguish a horizontal stripe centred at R = 2 ay,
which represents the bound states of the molecule, and a diagonal structure composed by three
main stripes of different widths, which corresponds to the group of three nuclear wavepackets
ejected after the interaction with the laser pulse, between 2 and 4 fs. These diagonal stripes
are a clear signature of dissociation, and their slope is the velocity of the nuclear wavepacket;
therefore from the slope it is possible to retrieve the energy of the nuclear fragments. We see
that the width of the diagonal stripes increases over time, which indicates the spread of the

wavepacket over time.

To study the evolution of the nuclear wavepackets more in detail, we calculate the nuclear
trajectories using classical equations of motion. In a conservative system, the force can be

written as the gradient of a potential [243]

F(R) - —%V(R) (4.4)

where F'(R) is the conservative force, and V' (R) is the potential energy. Then, we can substi-
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Figure 4.5: Probability density plots of Hi" (starting from the v = ( vibrational state) over time during
its interaction with a 3-cycle VUV laser pulse having a wavelength A = 105.3 nm (photon energy w;, =
0.43 Hartrees) and a peak intensity of I = 8.4 x 102 W/cm?. In (a) we present the density P(z,t) while
in (b) we present P(R,t). The electric field used in the calculation is shown at the top of the figure,
where the position of the red circle represents the specific time of the calculation. In (b) the dashed lines
represents the classical trajectories of the nuclear wavepackets along the 2po,, potential energy curves of
the molecule.
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Figure 4.6: Probability density plots of Hi" (starting from the v = ( vibrational state) over time during
its interaction with a 3-cycle VUV laser pulse having a wavelength A = 105.3 nm (photon energy w;, =
0.43 Hartrees) and a peak intensity of I = 8.4 x 102 W/cm?. In both plots we present the density
P(R,t). The dashed lines represents the classical trajectories of the nuclear wavepackets along (a) the
3dog and (b) 350, potential energy curves of the molecule. The electric field used in the calculation is
shown at the top of the figure, where the position of the red circle represents the specific time of the
calculation.
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tute Eq.(4.4) in Newton's equation of motion to get

d*R(t) 1 dV(R)
dt ~  pny dR 4.5

where R(t) is the position of the wavepacket, and 5/ is reduced nuclear mass. In order
to calculate the trajectory of the nuclear wavepackets, we transform Eq. (4.5) in a system of

coupled first order differential equations,

do(t) B _i dV (R)

dt un dR 4.6)
dr(t)

o = o(t) (4.7)

In order to numerically obtain the trajectories R(t), instead of solving Eq. (4.5), it is better to

solve consistently the equations of motion (4.6) using the Verlet algorithm [244]

U(ti_;,_l) = U(ti) + a(tz-)At (4.8)
(4.9)
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where a(t;) denotes the acceleration, which is equal to the right hand side of Eq. (4.5), t;+1 =
t;+At, and At is the time step used in the calculation. If look at Figure 4.5, we can assume that
the wavepacket motion starts at t = 0.5 fs, thus the initial conditions are a9 = a(t = 0.5),
vo = v(t = 0.5) = 0 (the time is given in fs). For each potential energy curve, we con-
sider a bunch of trajectories whose initial positions cover the spread of the initial nuclear
wavepackets over a range of internuclear distances R from g = r(t = 0.5) = 1.7 ag to
ro =r(t =0.5) = 2.5 ay.

In Figures 4.5b and 4.6 we observe the bunch of classical trajectories that corresponds to
a nuclear wavepacket travelling along the 2po,, 3do, and 350, potential energy curve of the
Hj, that are superimposed to the main diagonal stripe. We observe that, although the slope
of the trajectories does not match perfectly with the slope of the diagonal, the trajectories that
are in better agreement are the ones corresponding to the 2po, and the 3so, states. Thus,
the coincidences with these two states are a signature of a one and even two-photon transi-
tions. However, in order to resolve the role of the dissociative states in the ionisation and
dissociation of H;‘ observables as the kinetic energy released (KER) spectra or the correlated

electron-nuclear energy spectra are required.

As we can see from Figure 4.2, one-photon transition at the laser frequency w = 0.43 Hartrees
is resonant with the 2po,, state. In addition, the pulse bandwidth is broad enough to cause the
two-photon transition to excite not only the 3do, state, but also the 3s0, state. The use of
short laser pulses of only a few femtoseconds allows the excitation of molecular states with
(N — 1)-photon transitions when the photon energy is such that NV photons are required to

reach the ionisation threshold of the molecule [245]. In contrast, for a longer pulse, the band-
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Figure 4.7: Electric field (a) and spectrum (b) of a 3-cycle and a 28-cycle VUV laser pulses, both having a
wavelength of A = 105.3 nm and a peak intensity of I = 8.4 x 10'? W/cm?. The 3-cycle has approx-
imately a duration of 1 fs, while the 28-cycle pulse has a duration of 9.8 fs. The photon energy for both
pulses is 0.43 Ha (11.7 eV) and the bandwidth is 0.288 Ha (7.848 eV) and 0.031 Ha (0.841 eV) for the 3
cycle and the 28-cycle pulse respectively.

width would be narrower as the duration of the pulse increases (see Figure 4.7), approaching
to the continuous wave limit as the pulse length increases. In that limit, three-photon ionisa-
tion dominate over one-photon and two-photon ionisation. However, in this case, the photon
energy is always resonant with the first excited state, 2po,,. In Figure 4.8, we show the time
evolution of the probability densities P(z, t) and P(R, t) after interaction with a 28-cycle laser
pulse (the other laser parameters are kept the same). The animation labelled movie2.mp4 in
the supplied CD shows the time evolution for this case. This time, ionisation happens on a
longer timescale. As it is shown in Figure 4.8a ionisation occurs when the pulse is ramping
on, where a single broad nuclear wavepacket escapes the molecule continuously from 3 to 10
fs approximately. During the pulse, we observe the fast oscillations in time in the probability
density along z. The oscillations have a period of approximately At =~ 0.353 fs, which corre-
sponds to the period of a transition between the 150, and the 2po, states, with an energy gap
of AE = 0.437 Ha. The oscillations vanishes after the end of the pulse, as expected for Rabi
oscillations. In Figure 4.8b, the classical prediction of the slope for the trajectory of a nuclear
wavepacket moving along the 2po,, state is in good agreement with the probability density

coming out the molecule.

We can consider which vibrational states have been excited during the interaction with
these laser pulses. We do this by projecting the time-dependent wavefunction onto the ground

state vibrational eigenstates of the system, i.e.
(1) = / dr dR (v, R)U(r, R, 1) (4.10)
where 1, (r, R) are the vibrational eigenstates of the molecule, and ¥(r, R, ) is the time-

dependent molecular wavefunction. We remember that, as explained in Section 4.1, the vibra-

tional eigenstates of the system are not factorised between electronic and nuclear coordinates
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Figure 4.8: Probability density plots of Hg’ (starting from the v = ( vibrational state) over time during
its interaction with a 28-cycle VUV laser pulse having a wavelength A = 105.3 nm (photon energy wy, =
0.43 Ha) and a peak intensity of I = 8.4 x 10*2 W/cm?. In (a) we present the density P(z,t) while in (b)
we present P(R,t). The electric field used in the calculation is shown at the top of the figure, where the
position of the red circle represents the specific time of the calculation. In (b) the dashed lines represents
the classical trajectories of the nuclear wavepackets along some of the potential energy curves of the
molecule.
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in our non-Born-Oppenheimer treatment and so the eigenstates depend on both the electronic
and nuclear coordinates. The evolution of P, (t), v = 0, ..., 5 with a 3-cycle laser pulse whose
wavelength is A = 105.3 nm and an intensity of I = 8.4 x 102 W/cm?, are shown in Fig-
ure 4.9. The calculation commences with the total population in the v = 0 state. During the
interaction with the pulse a small fraction of the population is excited to higher vibrational
states at each maximum and minima of the electric field. This excitation first populates the
v = 1 state, and then successive states in turn, and it is a signature of the excitation that takes

place as ionisation occurs.
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Figure 4.9: Time evolution of the population of the six lowest vibrational states of the H;‘ molecule
exposed to a 3-cycle VUV laser pulse, whose photon energy is w;, = 0.43 Ha and intensity / = 8.4 X
102 W/cm?. The initial state corresponds to the ground vibrational state, denote by v = 0.

4.2.2 Dissociative ionisation from the 1so, (v = 2) state

Now, we consider the molecule is initially in the v = 2 vibrational state. We expose again the
molecule to a 3-cycle VUV laser pulse, having a wavelength of A = 110.3 nm (which corre-
sponds to a photon energy of 0.41 Ha), and a peak intensity of 8.4 x 10?2 W/cm?2. The photon
energy is chosen to match the energy gap between the third vibrational state (v = 2) in the
1s0, potential energy curve and the first excited state of the molecule, the 2po,, potential en-
ergy curve. The animation showing the time evolution of the probability density plots for this

case can be found in the supplied CD, labelled with the name movie3.mp4.

Itis visible in the R — 2z density plots in Figure 4.10 that the initial state has two nodes along
the R coordinate. This compares with the single node for the v = 0 initial state in Figure 4.3a.
In order to understand the nodal structure of the initial vibrational state, we can approximate

analytically the vibrational states of the H;r by expanding the 1s0, potential energy curve
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about the minimum at Ry = 2 ag

dVs(R) 1 2 (°Vy(R)
Vs(R) = Vs(R R—-R ~(R-R — NN
W =viro+ (R () e m (TEE) e
where V,(R) denotes the 150, potential energy curve in function of R. Since V(R) has a
minimum at R = Ry the second term in the right hand side is zero. If we truncate the expan-

sion (4.11) at the quadratic term, and neglect higher orders, we get

1
Vi(R) = Vi(Ro) + §ws(R — Ry)? (4.12)
where we have defined ) ®)
d*Vi(R
= —- . 4.1
o= (% )R:Ro 1

The potential in Eq. (4.12) is precisely the potential for the quantum harmonic oscillator [202],
where wj is the oscillation frequency. The approximation of the potential energy curve 1so, to

Eq. (4.12) is called the parabolic approximation [93]. The solutions of the harmonic oscillator
¢u(R) = Ce* 121, (BR) (4.14)

where § = /w;,, C), is a normalisation factor, and H, (S R) are the Hermite polynomials

H,(z) = (—1)"@Z2% (e_z2> . (4.15)

Moreover, we can approximate the vibrational energy levels by

1
By, = ws <y+2), v=0,1,2,... (4.16)

In Figure 4.12 we show the lowest eigenvalues for the quantum harmonic oscillator. As
we can observe, for the v = 2 state, the wavefunction presents two nodes. The parabolic
approximation remains valid for small values of | R— Ry|, close to the equilibrium internuclear
distance, thus only the lowest vibrational states will be well represented by Eq. (4.14). As we
can see in Figure 4.1b, the highest vibrational levels are more closely spaced, and another
approximation is needed to achieve a better representation. Indeed, it is possible to write an

empirically approximated potential, known as the Morse potential [93], as
Vi (R) = De{exp[—2a (R — Ry)] —2exp[—a (R — Ry)|} (4.17)

where D, is the electronic dissociation energy, R the equilibrium distance and « is the "force
constant’, similarly to the constant w; in Eq. (4.12). For a given diatomic molecule, D, Ry and
o are known parameters that can be found in tables. At large distance the potential (4.17) is
attractive, and it posses a minimum at the equilibrium distance Ry. In contrast, it is repulsive

at short distances. One of the defects of the approximation is that the potential remains finite
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lator. The solid line represents the quadratic potential, while the dashed line represents the 1so, poten-
tial energy curve of the H .

at R = 0. The potential energy curves E;(R) can be expressed as
Es(R) = E4(c0) + V(R). (4.18)
Then, for the Morse potential, the lower vibrational energy levels are given by
1 1\*
(v3) -2 (+3)

where the second term in the right hand side is a correction term to the energy levels in

FE, = hwg (4.19)

Eq. (4.16). Bwy is usually known as the anharmonicity constant, and is given by

hw?
= . 4.20
Puo =7 D, (4.20)
Hence, the molecular dissociation energy, Dy is
Do = De — th/Q. (4.21)

At a later time, in Figure 4.10b, we observe that the initial nodal structure is imprinted
in the dissociating nuclear wavepacket, and it evolves in Figures 4.10c and 4.10d, spreading
along the R coordinate. We note that the wavepacket is initially distributed along different
values of R, and therefore when the nuclear wavepacket is promoted to an excited state, the

parts of the wavepacket evolve with different velocities along the potential energy curve.

The evolution of the probability P(p, z), presented in Figure 4.11 it is similar to the v = 0
case. In Figure 4.11b, and most in Figures 4.11c and 4.11d the dissociative wavepackets, clearly

visible along the z coordinate, have a larger probability than in Figure 4.4, when the molecule
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is initially in the v = 0 vibrational state.

The time evolution of the probability density P(z,t) and P(R, t) are shown in Figure 4.13.
The P(z,t) plot is practically identical to Figure 4.5a (the v = 0 case), where we still observe
the oscillations due to superposition of molecular bound states. However, in the P(R, t) plot
(Figure 4.13b) the nodal structure is visible. We observe in the main horizontal stripe centred
at R = 2 ay, representing the bound state of the molecule, two thin lines of lower density that
represents the nodes of the initial vibrational state. Moreover, there are two diagonal stripes
that comes out the horizontal stripe between t = 2 fs and ¢ = 4 fs, in contrast to the single
diagonal stripe that comes out in Figure 4.5b for the v = 0 case.

Analogously to Figure 4.9, in Figure 4.14 we present the populations of the lowest six
vibrational states during the interaction with the 3-cycle VUV laser pulse of wavelength A =
110.3 nm and peak intensity I = 8.4 x 10'2 W/cm?, where for obtaining the populations we
have used again Eq. (4.10). As in the case where the molecule was initially in the v = 0 state,
we observe excitation taking place, first exciting the levels ¥ = 1 and v = 3, and then the

successive the upper states in turn.

423 Interplay between vibrational states

We now study the interplay of vibrational states in the strong field ionisation and dissocia-
tion of H; . In the following we consider H produced from the ionisation of the hydrogen
molecule, Hs. The initial state of H;, formed from a linear combination of vibrational states,
will have an influence on the subsequent evolution of the molecular ion in strong laser fields.
In order to take into contributions from different vibrational states we introduce the Franck-
Condon principle [246, 247], which states that the intensity of an electronic transition between
vibrational states is given by the overlap of their corresponding wavefunctions. The weight of
a particular vibrational state in an electronic transition is given by the Franck-Condon factors,

which are defined as the overlap of the initial and final vibrational wavefunctions

2

Gy = ] [ dr 16,0 @)

where gy, .., is the Franck-Condon factor of the transition, 9, is the initial vibrational wave-
function and ¢n., () is the final vibrational wavefunction. In this case we consider transitions
from the ground state of the Hy (the vibrational ground state in the 150, potential energy sur-
face) to the vibrational states of Hj (in the 1s0, potential energy surface). The Franck-Condon

factors for this transition are detail in table 4.3, which have been taken from Ref. [248].

In order to study how these vibrational states affect the response we will consider ten in-
dependent calculations in which H;‘ starts from one particular vibrational level, and multiply
each particular state with their correspondent Franck-Condon factor. We then calculate the

ionisation and dissociation yields.
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Figure 4.13: Probability density plots of H;‘ (starting from the v = 2 vibrational state) over time during
its interaction with a three-cycle VUV laser pulse having a wavelength A\ = 110.3 nm (photon energy
wr, = 0.43 Hartrees) and a peak intensity of I = 8.4 x 10'2 W/cm?. The initial state of the molecule
is the third vibrational state (v = 2) in the 150, potential energy surface. In (a) we present the density
P(z,t) while in (b) we present P(R,t). The electric field used in the calculation is shown at the top of
the figure, where the position of the red circle represents the specific time of the calculation. In (b) the
dashed lines represents the classical trajectories of the nuclear wavepackets along some of the potential

energy curves of the molecule. 79
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Figure 4.14: Time evolution of the population of the six lowest vibrational states of the H;’ molecule
exposed to a 3-cycle VUV laser pulse, whose photon energy is w = 0.43 Hartrees and intensity I =
8.4 x 10'2 W/ecm?. The initial state corresponds to the third vibrational state, denote by v/ = 2.

v q0,v v qo0,v

0 0.0911850 5 0.0875530
1 0.1605800 6 0.0619910
2 0.1742600 7 0.0431950
3 0.1521300 8 0.0299210
4 0.1190800 9 0.0207080

Table 4.3: Franck-Condon factors ¢ ,, for transitions between the vibrational ground state of the Hy in
the 1so, potential energy surface and the v 150, state of the 10 lowest vibrational states,®,, (1), of the
H;r in the 150, potential energy surface.

In order to analyse the resulting wavefunction after the interaction with the laser pulse,
the diagram in Figure 4.15 illustrates how different regions of coordinate space are used to
define the ionisation and dissociation yields. The regions are split into an ionisation region,
whose boundaries are limited by electronic boundary, ro = \/m, and a dissociation re-
gion, whose boundary is limited by the nuclear boundary, Ry. The dissociative ionisation are
contained in two horns, shown in Figure 4.15, whose width is Rp. The upper horn contain the
population of the electron escaping with the nuclei located at z = R/2, labelled dissociation
up in the figure (D), or with the nuclei located at z = —R/2, labelled as dissociation down
(D_). The dissociative ionisation region corresponds to an area where the electron and the

nuclei travel large distances in electronic and nuclear coordinates respectively.

The ionisation yield is calculated integrating over the population of the wavefunction con-
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tained within the ionisation region

1) = /S ARG (R R.) (4.23)

where S; = \/ (z+ R/2)* + p¢ and Sy = +/r3 + R3. The ionisation region corresponds to
an area of large values of the electronic coordinate and small values of the nuclear coordinate
in which the ejected electron is located far from the molecule and the two nuclei still close to

each other.

Analogously, the dissociation yield results from integrating over the population contained
in the dissociation up /down regions

Dy (t) = dr dR " (r, R, t){(r, R, 1). (4.24)

/R>R0,Si<RD

The total dissociation yield is obtained adding the dissociation up and down yields
D(t) = D4(t) + D_(t). (4.25)

The ionisation and dissociation yields, I,, and D,, calculated using Eqgs. (4.23), (4.24) and
(4.25) forv = 0, ...,9 taking v as the initial vibrational state, are shown in Figure 4.16. Each
yield is multiplied by the Franck-Condon factor that corresponds to the initial vibrational state,
i.e. the yields that corresponds to the initial vibrational state v = 1 is multiplied by the Franck-
Condon factor gp,1. Doing so we compare the yields obtained separately from the vibrational
states that compose the initial state of the HJ obtained from ionisation of Hy. As we expect,
the dissociation yield is two orders of magnitude larger than the ionisation yields, because the
photon energy is resonant with the transition between the ground state (1so,) and the first
excited state (2po,,) of the molecule. Also, the low ionisation yields are due to the fact that
several photons are required to reach the ionisation threshold, and the intensity of the laser
pulse is not high enough for multiphoton ionisation. For both ionisation and dissociation, the
highest yields arise from the v = 2 and v = 3 states, which also are the states that have the

largest Franck-Condon factors.

In addition, we consider two cases. In the first case we consider the molecule in a super-

position of vibrational states, 1rc, where

9
Yic = Y /G0ty (4.26)

v=0

In this case 1, are the vibrational states of Hy, obtained by diagonalisation of the molecular
Hamiltonian, and ¢o , are the ten Franck-Condon factors from table 4.3. The initial state 1rc
has been normalised at the start of the calculation. The ionisation and dissociation yield are

denoted by Irc and Drgc. In the second case we calculate the incoherent sum (IS) of the yields
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Figure 4.15: R vs. r diagram showing how we split coordinate space in distinct regions associated with
ionisation and dissociation, where R is the internuclear coordinate and r represents the electronic coor-
dinate and it holds the equality 72 = p? + z2. The different parts of the coordinate space are: the bound,
ionisation, dissociation and dissociative ionisation regions, where the bound region is delimited by Ry

and g = \/p2 + 22, and the width of the dissociative ionisation region is Rp < \/(z + R/2)* + p2.
Woavepacket residing in these regions allow us to calculate the ionisation and dissociation yields after the
interaction with the laser pulse.

from the ten lowest vibrational states according to

9
Os =Y ¢0, (4.27)
v=0

where O denotes ionisation (I) or dissociation (D). In Figures 4.16¢ and 4.16d we compare the
incoherent sum yields against the yields obtained from the linear combination of vibrational
states, denoted by FC. The difference in yield between the two calculations is due to different
normalisation of the initial wavefunctions. For that reason we have scaled by a different fac-
tor the FC yield in order to compare the results. In Figure 4.16a, the ionisation yields present
a similar evolution, although for the FC calculation the yield presents shaper peaks. In con-
trast, in Figure 4.16b the yield for the FC calculation starts later than in the IS case. Also, the
FC dissociation presents a hump around 9 fs. This suggests that the coherent combination of

vibrational states prevent earlier dissociation, and the hump indicates a change in the dissoci-
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Figure 4.16: lonisation (a) and dissociation (b) yields of the H;‘ after interaction with a 3-cycle VUV laser
pulse having a wavelength A = 105.3 nm (corresponding to a photon energy of w;, = 0.43 Ha) and a
peak intensity of I = 8.4 x 102 W/cm?. Each line in the plots represent a calculation starting from one
particular level of the ten lowest vibrational states (v = 0, ...,9) in the 1so, potential energy surface,
where each yield have been multiplied by its corresponding Franck-Condon factor. The dashed lines cor-
respond to yields that have been scaled by a factor of 10 for clarity. The inset in each plot represents the
first ten Franck-Condon factors of table 4.3. lonisation (c) and dissociation (d) yields for the linear combi-
nation of the first ten vibrational states (FC) and the incoherent sum (IS). The yields denoted by FC have
been scaled for clarity. The electric field used in the calculation is shown at the top of each plot.

ation rate due to an intermediate resonant state.

4.3 Dissociative ionisation and high harmonic generation of Hy by IR laser pulses

In the previous section we considered the interaction of Hy with a VUV laser pulse. In this
section we now consider the interaction of the molecule with an intense IR laser pulse. In par-
ticular we consider a 10-cycle laser pulse having a wavelength of A = 780 nm (corresponding
to a photon energy of wy, = 0.058 Hartrees) with a peak intensity of I = 2 x 1014 W/cm?. The

total duration of the pulse is approximately 26 fs. The grid parameters used in this calculation
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can be found in table 4.4. With these laser parameters, the size of the grid is set to contain
the quiver amplitude of the electron, especially along the z coordinate. We remember that the
quiver amplitude is related to the electric field and frequencies of the laser pulse via
E(t
a(t) = 7(2) , (4.28)
wL
where wry, is the central frequency of the laser pulse. The quiver amplitude for the current laser
parameters is g = Ep/w? = 22.1 ag. The grid size must be large enough to allow the motion

of the electron wavepacket without reaching the absorbing boundaries.

The size of the resulting Hamiltonian is in this case roughly 125 M x 125 M elements.
For the time evolution, we use again an 18" order Arnoldi propagator with a time step of
0t = 0.05. The resulting calculation was parallelised over 540 cores, and the calculation time

was 13 hours and 30 minutes.

Coordinate Points per core Number of cores  Grid spacing Mesh extent
R 67 3 0.1 0<R<201
P 50 4 0.1 0<p<894
z 69 45 0.1 —155.2 < 2 <155.2

Table 4.4: Grid parameters used in the calculation of H;‘ interacting with an intense IR laser pulse,
whose wavelength is A = 780 nm (photon energy of w;, = 0.058 Hartrees) and a peak intensity of
I =2 x 10" W/cm?.

A series of snapshots of the time evolution of the probability densities, P(R, z) and P(p, z),
of the wavefunction exposed to an IR laser pulse is presented in Figures 4.17 and 4.18 respec-
tively. An animation of these probability densities is also contained in the supplied CD (the
corresponding file is labelled as movie4.mp4). In Figures 4.17a and 4.18a we present the den-
sity for Hy in the ground vibrational state (v = 0) of the 150, potential energy curve. In the
following frame, Figure 4.17b, during the ramp on of the pulse a small amount of ionisation
and dissociation occurs but most of the response is the distortion of the electronic wavepacket
in anti-phase to the field, Figure 4.18b. The system is behaving as tightly bound oscillator. The
horns suggest that before ionisation, the laser has excited a dissociative state. At a later point,
in Figure 4.17c and 4.18¢, ionisation has fully commenced and we see a significant fraction of
the wavepacket travelling away from the molecule. The ionised electron then accelerates in

the electric field and travels far away from the parent ion.

Eventually, a fraction of the ionised wavepacket is driven back to the parent ion when the
electric field changes direction, as shown in Figures 4.17d and 4.18d. The electron then recol-
lides with the ion, and two processes can then occur. Firstly, the electron can rescatter from the

parent ion; alternatively, it can recombine resulting in the emission of high-order harmonics.
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Figure 4.17: Probability density plots P(R, z) of H2+ at particular instants during its interaction with a
10-cycle IR laser pulse, having a wavelength of A = 780 nm (photon energy of w;, = 0.058 Ha) and a
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the dot represent the specific time of the calculation.
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In Figures 4.18e, 4.18f and 4.18g we observe the regular nodal structure of the electron
wavepacket travelling in the continuum. The nodal structure, an interference pattern that is
modulated in the polarisation direction, along the z coordinate, is a signature of plane wave,

i.e. an ionised wavepacket.

At the same time, in Figure 4.17f and 4.17g, the molecule is stretched by vibrational excita-
tion during the interaction with the laser pulse (we will consider this later in Figure 4.21) and
we observe a large density along the z coordinate, associated with a much larger ionisation
yield. This is due to the dependence of the ionisation rate on the internuclear distance of the
molecule. Indeed, it is known that the ionisation rate presents maxima at certain internuclear
distances caused by charge-resonance states coupled by intense low frequency fields. This ef-
fect is know as charge-resonance enhanced ionisation (CREI) [124]. After the end of the laser
pulse, in Figures 4.17h and 4.17i, a large fraction of the wavepacket is coming out along the
horns in the z = R /2 direction, indicating that the molecule is clearly dissociating. Finally,
in Figure 4.18i the molecule is left in a resonant bound state. This state, that presents six lobes,

decays quickly, as it is shown in Figure 4.18i.

In Figure 4.19 we present plots of the density P(z,t) and P(R,t) throughout the duration
of the calculation. In the upper frame (Fig. 4.19a), which corresponds plot of density P(z,1),
we can observe that ionisation events happen at the maxima of the electric field. Indeed, as
Becker and co-workers have pointed out, there are multiple ionisation bursts per half-cycle of
the laser pulse [249-251]. In principle, it is expected that ionisation occurs at the peak of the
electric field, when the tunnel barrier is lowest and the electron is more likely to escape through
the barrier. However, in diatomic molecules, multiple bursts are due to the attosecond tran-
sient localisation of the electron at one of the ions. Also in Figure 4.19a, we can distinguish the
electron quantum trajectories. Most of these trajectories escape with only a fraction returning
to the molecule to produce high harmonic radiation. In the lower frame (Fig. 4.19b), which
can be seen as the nuclear probability density, P(R, t), dissociation commences around 14 fs
as a jet-like structure, with the slope of the jets associated with the kinetic energy release of
the fragments. The ejected nuclear wavepacket splits in two around 28 fs. The width of the
main stripe of density centred at the internuclear distance of equilibrium, R = 2 ag widens
and narrows between 14 and 22 fs. This indicates vibrational motion with stretching and com-

pression of the molecule.

We now investigate the role of vibrational states in the response of the molecule. As before,
we calculate the ionisation and dissociation yields defined in Eq. (4.23), (4.24) and (4.25) for the
eight lowest vibrational states. These are presented in Figure 4.20. Only eight states, and not
ten as for the VUV results, are included due to that larger grid spacing used here (AR = 0.1
as opposed to AR = 0.05 for the VUV results). The smaller grid spacing would give a more

accurate representation of the higher vibrational states. However, this would come at a higher
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integrated over.
computational cost. For the ionisation yields shown in Figure 4.20a, we see that the ionisation
yield increases for higher vibrational states. This yield is modulated in time by the electric

field and, as expected, the yield increases as the field passes through maxima. Indeed, the

88



%

0.08

0.00

-0.08

E(t) (a.u.)

e
N

%

E(t) (au)

0.00

—-0.08

— v=0 — v=4 = ———u= I
=1 v=s [V B b8
018 — v=2 v=6 N 06| — v=2 — v=6 - -
—v=3 —v=T N — v=3 — v=7 e
0.16 -
T05
D014 ]
2 B
>
2 0.12 0.20 g 0.4
o =1
$50.10{ 3o 3
I = 'go3
‘2008 o1
8
0.061 My 1y 0o.2
Time (fs)
0.04
0.1
0.02 )
- - T R /
0.00 — 0.0 — Lz —
2 4 6 8 10 12 14 16 18 20 22 24 26 0 2 4 6 8 10 12 14 16 18 20 22 24 26
Time (fs) Time (fs)
(a) lonisation yields (b) Dissociation yields
0.08 0.08
3 35
000 & 0.00 :—"i
= =
) o
-0.08 0.07 —0.08
0.014] — v=0 — v=4 v=0 == v=4
v=l — v=5 v=1 v=>5
- "f§ v=¢ 0.06 v=2 — v=6
0.012f — V= ov= v=3 — v=7
T0.05
0.010 o} o
2 0.01 =
=4 N
go_gog 0.012 0.05 .60.04 §01
£ 3om o 2 = 2
No.006 g0.03 I |1y
< 0010 oo 3 0ol] 1
0.00a] “H B 0.02 vibrational state
Time (fs)
0.002 0.01
/
[ ’ /
0.000 =t 0.00 = 222
: 2 4 6 8 10 12 14 16 18 20 22 24 26 %2 4 6 8 10 12 14 16 18 20 22 24 26
Time (fs) Time (fs)

(c) lonisation yields (with FC factors) (d) Dissociation yields (with FC factors)

Figure 4.20: (2) and (c) lonisation and (b) and (d) dissociation yields for the first eight vibrational states
of the H2+ interacting with a 10-cycle IR laser pulse having a wavelength of A = 780 nm (photon energy
of wy, = 0.057 Ha) and a peak intensity of I = 2 x 10'* W/cm?2. The upper frame in each plot shows
the temporal profile of the electric field of the laser pulse. In (a) and (c), a zoom of the ionisation yield
for v = 7 and the electric field is shown in the inset plot. In (b) the dashed lines correspond to the yields
for the v = 4 and v = } states. In the lower frames, (c) and (d) the yields have been multiplied by their
correspondent Franck-Condon factors, shown in the inset of Figure 4.20d.

humps on the ionisation yields that coincides with each maxima of the electric field are a sig-
nature of the already mentioned multiple ionisation bursts [249]. The inset plot of Figure 4.20a
presents the ionisation yield for v = 7 zoomed in over one cycle of the pulse. We observe that
the yield has two maxima and a minima within half cycle of the pulse, and the minima co-
incides with the peak of the laser field. This suggest that there are two ionisation burst per
half cycle, and not one burst as expected, when the tunnel barrier is lowest at the peak of the
electric field. If we want to have a better description of the ionisation yields resulting from
Hj in an initial state produced from ionisation of Hy, we must multiply each ionisation yield
by its corresponding Franck-Condon factor. The result is shown in Figure 4.20c, where we
observe that although the structure of the yields have not changed, the relative magnitude be-

tween yields have changed, leading to final state that is a different combination of vibrational
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states. The dissociation yields are shown in Figure 4.20b. In this case, yields corresponds to
starting in vibrational states v = 3 and v = 4 have one and two humps respectively, indi-
cating the dissociation slows at several points and suggesting that several intermediate and
final states are involved in the dissociation. In contrast, the yields for v = 0 and ¥ = 1 do
not posses hump-like structures, indicating that for these states there is not an intermediate
state that contributes to the dissociation. Figure 4.20d, where the dissociation yields have been
multiplied by the Franck-Condon factors, is similar to Figure 4.20b and there is no difference
between yields, except for the overall magnitude. The hump structure in yields v = 4 and
v = b is still present. We note that while ionisation commences at the same time for all the
initial states considered, dissociation commences at different times for different initial states:

the higher the initial vibrational state, the sooner that dissociation starts.

To better understand the contribution of different vibrational states in a given calcula-
tion, we consider the molecule starting from a particular vibrational state and then calculate
the population transfer to other vibrational states during the interaction using Eq. (4.10). Each
yield has been multiplied by the Franck-Condon factor corresponding to the initial vibrational
state. The results are shown in Figure 4.21. For reference, the upper panels correspond to the

temporal profile of the electric field of the laser pulse.

In all frames of Figure 4.21 we see that, from the initial state, the excitation first populates
the closest states in energy, and then successive states in turn. For instance, consider the frame
corresponding to the initial state v = 1, where the contiguous states v = 0 and v = 2 are first
to be excited, followed by the excitation of ¥ = 3 and v = 4, and so on. In addition, the decay
time of the initial state becomes shorter for higher vibrational states. Moreover, the peaks in
the populations are due to Rabi oscillations, indicating a coherent exchange of energy between
the laser field and the different vibrational levels. These oscillations vanishes at the end of the
pulse. The amplitude of the Rabi oscillations are smaller with higher initial vibrational states.
Since high vibrational states have large ionisation rates, ionisation causes more population loss
from these states, resulting in shorter lifetimes and smaller Rabi oscillations. Another interest-
ing feature, evident in Figure 4.21, is that, depending on the initial vibrational state, the final
state is composed of different coherent superpositions of the vibrational states, as we can see
in Figure 4.22. This can be crucial in understanding pump-probe studies in which the pump

pulse can prepare the molecule to different excited states.

4.3.1 Vibrational state dependence on HHG

From the previous results we know that ionisation and recollisions occur at these long wave-
lengths and that different vibrational states play a role as well. Since high harmonic generation

occurs we can ask how these vibrational states can influence HHG.

It is expected that the vibrational states will have an impact on high harmonic generation.
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Figure 4.21: Time-dependent population of the H;‘ driven by 780 nm IR pulse (10 cycles, 2 x 10

W/cm?). In each frame the initial state is a different vibrational state, and each line represents a contri-
bution coming from a different vibrational state. However in this figure all the vibrational states in each
frame has been multiplied by a Franck-Condon factor, corresponding to the initial vibrational state. The
upper frames represents the temporal profile of the laser pulse.
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The IR photon energy is nearly resonant with the energy gaps between vibrational states, caus-
ing vibrational excitation and eventually leading to dissociation, as we could see in Figure 4.21.
Hence, the molecule is stretched, since higher vibrational states are associated with larger in-
ternuclear distances, and consequently the harmonic emission is more efficient. This is due to
the fact that the ionisation rate is dependent on the internuclear distance, a phenomenon that
has been called charge-resonant enhanced ionisation, CREI [124, 130, 252]. At the same time,
as the molecule dissociates, the nuclei reach critical CREI internuclear distances that leads to
ionisation and recombination on the rising part of the pulse. The falling part of the pulse has
a negative chirp, causing a redshift in the harmonic peaks [253]. In addition, it has been the-
oretically predicted that the recombination step also changes at large internuclear distances,

modifying dramatically the cut-off of the HHG spectrum [143-145].

Recently it has been observed that, when the molecule is dissociating, the IR field, with a
photon energy of I/ = 0.058 Hartrees approximately, couples the 1so, state with the 2po,,
state via three-photon resonance at R = 3.4 au, or via one-photon resonance at R = 5.2
au [106, 109, 112]. These couplings lead to localisation of the electron on one of the two
ions, creating a permanent dipole moment which breaks the spatial symmetry of homonu-
clear molecules. Therefore both odd and even harmonics can be produced in this case [254,
255]. Indeed, one can control the harmonic cut-off and the efficiency of the radiation emission
by controlling the chirp of the incident laser pulse and the laser-coupling between the 1s0,
and 2po,, states [256].

The high-harmonic spectra for Hj starting from different vibrational states is shown in
Figure 4.23 where the black thin vertical lines in each frame point the expected odd harmonics
generated, and the red vertical lines denote the ionisation threshold, I,, (left line) and the cut-
off limit, I, + 3.17U, (right line). We observe that the HHG spectra depends dramatically on
the initial configuration of the molecule, and hence on the evolution of the populations of other
vibrational states during the interaction with the pulse, seen in Figure 4.21. For the v = 0 and
v = 1 vibrational states the HHG yield is low, since the ionisation yield is low. For the v = 2
state the HHG plateau is more pronounced and for higher initial vibrational states the plateau
and the cut-off are clearly visible, since higher initial vibrational state have higher ionisation
yields. It is also interesting to note that, for all calculations the cut-off energy is lower than the

classically predicted cut-off.

We must always bear in mind that in this case, HHG is occurring in the presence of vi-
brational excitation and dissociation. The lower cut-off energy observed is caused by nuclear
motion, that modifies the states the electrons were originally ionised during the recombina-
tion step. Hence, this change in the state the electrons are recombining to produces a change
in the harmonic intensity. The yield of the harmonics in the plateau are then proportional the

modulus square of an autocorrelation function
c(t) = [ (ROX(R O (4.29)
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Figure 4.23: High-Harmonic spectra of H2+ driven by 780 nm IR pulse (10 cycles, 2 x 10'* W/cm?). Each
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grid lines marks the odd harmonics, and the red vertical lines represent the ionisation threshold I,, (left
line) and the cut-off limit, 3.17U,, + I,, (right line).

where C(t) is the autocorrelation function, x (R, ) is the nuclear wavefunction, and ¢ denotes
the excursion time of the electrons. With light isotopes, the autocorrelation function decays
faster than in the heavy isotope case, indicating that the nuclear wavepacket has been excited
far from the ground state, and consequently suppressing the most energetic harmonics. This

effect was first described by Lein [148, 257] and later observed experimentally [16].
In order to check if nuclear motion is behind the reduction of the cut-off energy, we have

performed a series of fixed-nuclei calculations at different internuclear separations with the

same laser pulse. The results are presented in Figure 4.24. For all internuclear separations
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both the start and cut-off of the plateau are placed at the expected energies. In this case the
nuclear autocorrelation function is equal to one and thus independent of time and so no mod-
ifications in these positions should be present. Also, the yield of the harmonics is lower than
in the vibrating nuclei case, due to the enhanced ionisation at certain internuclear distances
caused by CREI. Additionally the spectra for R = 3 and R = 4 show that even harmonics are
produced, due to the fact that these internuclear distances are near the values of R at which

the ground state and the first excited state are connect via one of three photon resonance.

Regarding the parity of the harmonics, we can see that the spectra for v = Oand v = 1
do not posses even harmonics. However, from v = 2, we start to see even harmonics from
approximately harmonic number 20 to harmonic number 35. For v = 3 and higher the even
harmonics extend to the cut-off region. To study HHG in Figure 4.23 in more detail, we have
performed a time-frequency analysis on our spectra. In a time-frequency analysis (also called
the Gabor transform) we Fourier transform a particular temporal window of the dipole accel-

eration, d(t), using as a window a Gaussian function
o t—t')2 /T2 —iwt! (4
H{w, 1) = / it e~ =it (1)), (4.30)
—00

where the parameter 7" controls the width of the Gaussian. Indeed, the choice of the width is
important for the analysis: the narrower the window the lower the time resolution obtained.
We consider a Gaussian width of

9
T = 0.05°% (4.31)
wr,

were wi, is the central frequency of the laser. This is equivalent to use a Gaussian window with
full width half maximum (FWHM) of 3wr,. With a scan across all frequencies of the spectrum

we can gain insight into the time at which the harmonics are generated.

Using time-frequency analysis it is possible to resolve in time when different harmon-
ics were generated. Indeed, it is possible to identify the contribution of the long and short
electron’s trajectories to the harmonic spectrum. In particular, harmonics produced by short
trajectories have a positive slope in the density plot, while harmonics produced by long tra-
jectories have negative slope. The results obtained from the analysis are shown in Figure 4.25.
As in the atomic case, harmonics due to short trajectories have a larger efficiency than those
corresponding to long trajectories. This is caused by the spreading of the recolliding electron

wavefunction that is greater for long trajectories [74].

For the initial vibrational state v = 0, the harmonics have a low spectral density, indicating
low ionisation and recombination. The spectral density increases for higher initial vibrational
states. For v = 1, harmonic density are larger, and the harmonic density increasing for higher
initial vibrational states. The initial vibrational states v = 4 and v = 5 illustrate the under-
lying mechanism that leads to the redshift of the harmonic spectra [253]. The rising part of

the pulse causes nuclear excitation that prepares the molecule at larger internuclear distances,
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Figure 4.24: High-Harmonic spectra of fixed-nuclei H3 driven by 780 nm IR pulse (10 cycles, 2 x 10*
W/cm?). Each frame shows the spectra at a particular internuclear distance, increasing R from the upper
to the lower part of the figure. The black vertical lines represent the ionisation threshold I, (left line)
and the cut-off limit, 3.17U,, + I, (right line).

and since ionisation rates depends on the internuclear distance of the molecule, is only at the
trailing part that the ionisation occurs. If we consider higher initial vibrational states, v > 5,
the critical internuclear distance associated with larger ionisation rates are reached sooner,
and thus ionisation occurs at both the rising and trailing parts of the pulse, suppressing the

redshift in the spectra.
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each frame the upper part presents the temporal profile of the electric field of the pulse, while the left
side presents the corresponding HHG spectra. For clarity, the horizontal lines marks the even harmonic
orders.
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Figure 4.26: Zoom of the time-frequency analysis for the initial vibrational state v = 4 of the H;‘ inter-
acting with a 10-cycle laser pulse having a wavelength of A = 780 nm and a peak intensity of I = 2 x 10**
Wi/cm? (shown in Figure 4.25¢), between 10.5 and 17 fs. The upper frame corresponds to the electric
field, while the left frame shows the corresponding to the high-harmonic generation spectra.

Moreover, it is possible from Figure 4.25 to determine when the even harmonics are cre-
ated. For instance, consider the TFA for initial vibrational state v = 5, Figure 4.25f. We observe
that in the middle of the pulse, around 5 fs, the maximum harmonic emitted is 56 (an even
harmonic), in contrast to the maximum harmonic emitted, 53 (an odd harmonic), in the previ-
ous half-cycle. This indicates that during this half-cycle the molecule has reached the critical

internuclear distance for three-photon resonance, R = 5.4 ag.

Also, it is interesting to note that for initial vibrational states v = 4 and v = 5 there are
half cycles in which the spectral density is lower than neighbour half-cycles. For instance, for
v = 4, consider the harmonic density at 5.5 fs, during the 6! cycle of the pulse, in Figure 4.26.
We speculate that this effect can be due to the interference between several vibrational states,
because, if we look at the frames for these initial vibrational state in Figure 4.21, they present
similar population of most of the vibrational states considered in the plot at the specific instant
of the laser pulse. However, the study in detail of this effect requires further investigation and

it is outside the scope of this thesis.

4.4 Summary

In this chapter we have presented results on the study of the role of vibrational states in the
strong-field ionisation, dissociation and high harmonic generation of Hj irradiated with in-
tense laser pulses. In the first section of the chapter, we have tested the accuracy of the numer-
ical implementation by solving the time-independent Schrédinger equation of our H;r model,

which uses a non-Born-Oppenheimer approach. Firstly, we have carried out a fixed-nuclei cal-
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culation, where electronic states were obtained. We have then compared the two lowest poten-
tial energy curves, corresponding to the 150, ground state and the 2po, first excited state with
results obtained with a close-coupling method, where excellent agreement was found. Sec-
ondly, we have compared the vibrational energies, obtained with our non-Born-Oppenheimer
approach, against two sets of results: in the latter calculation the eigenenergies are obtained
from a finite-difference grid by diagonalising the Hamiltonian using PETSc and SLEPc pack-
ages. The former calculation obtains the eigenenergies from an accurate variational method,
diagonalising the Hamiltonian using a Lanczos algorithm. The largest difference found be-
tween both sets of results is less than 1%. In the last part of the section, we have studied the
dependence of the accuracy of the vibrational levels on the grid spacings for all coordinates,
where it was found that setting A R to small values helps to achieve a faster convergence. This
is due to nuclear motion, which occurs along the R coordinate, is closely related to the vibra-

tional levels.

In Section 4.2 we have shown results from the interaction of H3 with an intense ultrashort
VUV pulse, starting from the 1so,4(v = 0) and the 1so,(v = 2) vibrational states. The pulse
parameters were set so that multiphoton ionisation would be the dominant mechanism. In
addition, in each case the photon energy of the laser pulse was chosen to match the gap be-
tween the initial state and the 2po,, first excited state of the molecule. The time evolution of
the wavefunction showed two nuclear wavepackets travelling along the R coordinate, whose
spatial width can be related with the bandwidth of the incident pulse. If we assume nuclear
wavepackets to be classical particles moving along potential energy curves, the resulting tra-
jectories can be compared with the time evolution of the nuclear probability densities, where
the spatial width of the nuclear wavepacket is taken into account by considering a range of ini-
tial positions. We found that, the trajectories within the 2po,, and 3s0, potential energy curves
are in good agreement with the nuclear probability densities. For the case of starting from the
v = 2 vibrational state, the snapshots of the evolution of the wavefunction showed that the
vibrational structure of the molecule is imprinted in the dissociating nuclear wavepackets. Ion-
isation and dissociation yields are calculated from the division of the configuration space into
regions and integrating the probability density for each of the regions. Doing so we have study
the role of each vibrational state by comparing the yields obtained from calculations starting
from one level of the ten lowest vibrational states. Also, we have compared the yield resulting
from a calculation whose initial state is linear combination of vibrational states weighted with
their correspondent Franck-Condon factors (we denote this calculation as FC) against the in-
coherent sum of the yields resulting from calculations that starts from one of the ten lowest
vibrational states (denoted as IS). It is interesting to note that the dissociation yield for the case
of the FC calculation starts later than the IS case, suggesting that the coherent combination
of states prevents dissociation. The FC dissociation yield presents a hump at 9 fs, indicating
a change in the dissociation rate long time after the end of the pulse due to a presence of a

resonant state.

Finally, Section 4.3 is dedicated to the case of the Hy irradiated with IR laser pulses. After
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showing snapshots of the time evolution of the probability density of the wavefunction, we
repeat the study on the role of the vibrational levels by comparing the ionisation and disso-
ciation yields. In this case, ionisation rates showed a dependency of the ionisation rates on
the initial vibrational level. Since vibrational states have a mean internuclear distance, the
ionisation rates are dependent on the internuclear distance, an effect called charge-enhanced
resonant ionisation (CREI). Moreover, the ionisation yields showed that for H;‘ two ionisation
bursts occur per half-cycle instead of one in the atomic case. We also showed the time evolu-
tion of the population of each individual vibrational state from calculation starting from one
vibrational levels of the ten vibrational states. In those plots we clearly see Rabi oscillations
whose amplitudes are smaller for higher initial vibrational state. The fact that starting from
one particular vibrational state leads to a final combination of vibrational states is emphasised

because its relevance in pump-probe studies.

The dependence on the vibrational states in the high harmonic spectra is discussed in the
last part of this section. Starting from one particular vibrational level, we can see from the
spectra that the amplitude in the harmonic signal is dependent on the initial vibrational level,
due again to the CREI effect, since a higher ionisation rate leads to a higher harmonic signal.
We also see, for higher vibrational levels, a reduction of the cut-off due to nuclear motion, that
modifies the electronic states where the electrons are recombining and producing a change
in the harmonic intensity. The fact that this effect is not present in the spectra obtained from
fixed-nuclei calculations indicates that it is indeed caused by nuclear motion, and it can be
described by an autocorrelation function between the initial and the time-dependent nuclear
wavefunction. More interesting is the presence of even and odd harmonics in the spectra. In
vibrating homonuclear molecules, the electron localisation, due to resonant coupling between
electronic states, creates a permanent dipole that breaks the spatial symmetry. This symmetry
breaking leads to the production of odd and also even harmonics, in contrast to the fixed nu-
clei case, which only odd harmonics are produced. In addition, the time-frequency analysis
(TFA) reveals that for higher initial vibrational states harmonics are generated earlier during
the pulse. Also, it is possible to determine when the even harmonics are generated by visual
analysis of the TFA. For initial vibrational states v = 4 and v = 5 there are half cycles in which
spectral density is reduced compared to neighbouring half cycles, suggesting a mechanism
which inhibits harmonic production. However, further investigation is required to determine

the origin of this effect.
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Calculation of photoelectron spectrum:
The POpSiCLE library

Photoelectron spectroscopy is a powerful tool used to obtain valuable information about mat-
ter irradiated by intense laser pulses. By measuring the energy and angular distributions of
the photoproducts emitted during interaction with these laser pulses, we can obtain valuable

information about the structure and dynamical response of the material.

Calculating photoelectron spectra is computationally demanding. A first approximation is
to use an interaction volume large enough to hold the high-energy electrons produced during
the interaction. The desired spectra will then be obtained by performing a Fourier transform
of the unbound wavefunction at the end of the pulse. We call this the Fourier method, and it
can be seen as a brute force method. The Fourier method approach for full-dimensional mod-
els involving more than two dimensions is incredibly expensive. First, due to high energy
electrons moving large distances, extremely large boxes required. Secondly, performing the

Fourier transform of a large multidimensional wavefunction is itself not a trivial task.

To reduce the computational demand a method analogous to how photoelectron spectra
are experimentally recorded in laboratories has been proposed. Experimentally, photoelec-
trons are collected by detectors that are placed at a certain distance from the interaction vol-
ume. In the similar way, we can think of collecting the outgoing electron wavepackets as they
pass certain points (detector points) in coordinate space, and energy analyse this information.
In that case, the calculation size will be smaller since we can use absorbing boundaries to re-
move ionised wavepackets that have passed the detector points. We call this approach the

sampling point method [258].
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Another method to calculate photoelectron spectra is called the time-dependent surface
flux method (t-SURFF) [259]. In this method we record the flux of ionised electrons that passes
a surface of radius . The spectra can then be obtained by calculating the projection of the out-
going electron wavepackets at this surface onto Volkov waves (the solutions of a free electron
in the presence of a laser field), before the wavepackets are absorbed. In this case, the energy
of outgoing electrons are obtained from a surface integral which is integrated over time, rather
than a volume integral as is used by the Fourier method. This dramatically reduces the com-

putational cost.

In the laser-matter community a large number of codes are used to solve the TDSE. Usually,
each code implements its own approach to calculate the photoelectron spectra (in some cases
there is no implementation available). This means that much effort goes into implementing the
same approach many times. For that reason, we have developed a parallel library of routines
for calculating the angular and energy resolved photoelectron spectra using three different

approaches:
1. The Fourier transform of the spatial scattering solution into momentum space,
2. The sampling point method, and,
3. The time-dependent surface flux method (t-SURFF).

In this section we will introduce the three theoretical methods implemented in the library
POpSiCLE. In Section 5.1, we discuss how to obtain the spectral amplitudes of ionised elec-
trons, and also the joint spectral amplitude for the photoelectron spectra and the kinetic en-
ergy release of the nuclei using the Fourier method. In Section 5.2 we describe the sampling
point method, and how to easily extract the PES. Finally in Section 5.3 we review the time-
dependent surface flux method (t-SURFF) for single ionisation and correlated electron-nuclear
spectra. In Section 5.4 we present the numerical implementation of the library. Finally, in Sec-
tion 5.5 we compare the interpolation routines introduced in Section 5.4 that are implemented

in POpSiCLE.

5.1 Fourier method

The simplest way to extract asymptotic information is by projecting the wavefunction onto
field-free plane waves at the end of a calculation. We proceed as follows: consider coordinate
space divided into two regions: an inner region which contains all the bound states of the
system and an outer region which contains the scattering products of any interaction. Both
regions are separated by a surface of radius 7. Therefore, we can always write the wavefunc-
tion as

U(r,T)=Yy(r,T)+ Vs(r,T) (5.1)

where Wy (7,t) is the bound part and (7, t) the scattering part of the wavefunction and

T is a time large enough that the asymptotic part has time to cross the boundary surface ry.
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Therefore
Uyp(r,T)~0  for |r|>m (5.2)
. 2
U, (r,T) = /dkz e TR 2y(k)y(r) ~ 0 for |r|<my (5.3)

where k is the momentum vector, b(k) are the spectral amplitudes that can be obtained by

spectral decomposition of the wavefunction
Tk /2
b(k) = (4| Ws(T)) e~ T/ (5.4)

and 1 (7) are the scattering solutions of a time-independent Hamiltonian that governs the

system after the interaction with the electromagnetic field. Hence, ¢ (1) obey the TDSE

k2
H(T) [¢hy) = o [Vk) - (5.5)

Photo-ionisation experiments implicitly assume that, at large distances from the interac-
tion region (where the detectors are placed), and large times after the interaction, the scattering
wavefunctions are described as free particles. In that case (at asymptotic distances and times)
and neglecting the Coulomb potential, we can approximate the scattering solutions by plane

waves of the form

1 ikr
_ . (5.6)
Xi(r) (var)® ‘

We can therefore decompose the spectral amplitudes using plane waves, i.e.

bik) 1% = (1) = [ dr (). T)
_ (\/21?)3 / dr e~ RT Y (r,T). (.7)

The result, Eq. (5.7), is merely the Fourier transform of the scattering part of the wavefunc-
tion [202, 208]. The only requirement imposed by the Fourier transform is that the canonical
momentum of the wavefunction must be the same as the mechanical momentum. This means
that, using the velocity gauge, the projection must be carried out after the passage of the laser

pulse.

It is important to mention that the exact outgoing scattering solutions in the presence of

the Coulomb potential, in the asymptotic limit, are given by [260]

1 . .
Yk (T) ~ ;ez(kzr—wln 2kr)fc(9) (5.8)

where v = Z/k and Z the charge of the nucleus, f.(#) is known as the Coulomb scattering

amplitude

— v —iy ln(sin2 9/2)+2i0'0
fo(0) = , 5.9
( ) 2k SiIl2 9/2 ¢ ( )
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and oy is the Coulomb phase shift
oo = argI'(1 + i7). (5.10)

However, the scattering amplitudes obtained projecting against outgoing Coulomb waves,

1 .

b(k) ~ / dr —e 1 kr=7In2kT) £ 0\ (T), (5.11)
r

do not correspond to the Fourier transform of the scattering part of the wavefunction. There-

fore, Fourier transform algorithms can not be used, and instead less efficient numerical inte-

grations are required to obtain the spectral amplitudes. In order to avoid that, we can always

assume plane wave solutions if we consider far enough distances so the Coulomb potential is

negligible.

We note that when performing a grid calculation then, if the edges of the grid act as hard
walls, the wavefunction will perfectly reflect back when it reaches the edges. The momen-
tum of the reflecting wavepackets will not change except for their direction. As long as the
wavepacket do not interfere with the bound states of the box, a Fourier analysis will be unaf-

fected by these reflections.

5.1.1 Joint electron-nuclear spectra for the hydrogen molecular ion

To obtain the spectral amplitude for both electrons and ions in the hydrogen molecular ion,
we must take into account the nuclear motion as well. We can think again of, not two, but four
regions and two boundary surfaces. In this case we have a boundary surface in the electronic
coordinate, 3, as described above together with another in the ionic coordinate which sepa-

rates the bound molecule from the dissociated molecule, R}, (See Figure 5.1).

We distinguish two different channels in the break-up process of the Hy molecule. Firstly,

we have the dissociative ionisation (DI) channel
Jr
Hy +nw —p+p+e, (5.12)

in which, after reacting with n photons of energy w, the asymptotic state consists of two pro-

tons and an electron far away from each other. Secondly, we have the dissociation channel
Hy +nw — H+ p, (5.13)

in which the asymptotic state is formed by a hydrogen atom and a proton.

The joint electron-ion spectra is obtained from the dissociative ionisation channel. This can

be obtained by generalising the result of Eq. (5.7) by projecting onto the scattering solutions
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Figure 5.1: Diagram of the separation in different regions of the H;r coordinate space interacting with
an external laser pulse. The four regions are: Bound (B), Dissociation (D), lonisation (I) and Dissociative
ionisation (DI), and their boundaries are represented by dashed lines at = 1, and R = R;,.

for dissociative ionisation. We denote

IXkrXke) = [Xkr) ® [Xk,) (5.14)

where k, and kg are respectively the momentum for electrons and ions and g, (7) and

Xkg (R) are respectively electronic and nuclei plane waves where

1 ,
Xkr (7’) = m €Z kr-'f' (515)
and .
Xip(R) = —— e Br R, (5.16)

V2r

The prefactor in Eq. (5.15) differs from that in Eq. (5.16) since the electronic solutions reside
in a 3D space whereas the ionic solutions are in 1D since we only treat vibrational motion.

Similarly to Eq. (5.7) we write the spectral amplitudes for dissociative ionisation as

2 2

k. ok
bk k) €52 = (i, [ W4(T))
/ / AR dr xi,,(R)X;, (1)U (r. R.T)
/ / dR dr e krTe-ikr Ry (o R T).  (517)
In this equation the integrals are taken over the dissociative ionisation region defined in Fig-

ure 5.1,i.e. r > rp, R > Ry,. For both the electronic spectrum and joint electron-ion spectrum

we require a grid large enough to hold the wavefunction after the end of the pulse. This ex-
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pensive requirement is even worse for electron-nuclear or multi-electron problems, where the
size of the grid scales exponentially with the dimensionality of the problem. As a example,
this approach was used by Taylor and coworkers to study non-sequential double ionisation of
helium [225, 226, 261].

In the following we give the Fourier transform in Cartesian, cylindrical and spherical co-

ordinates.

Joint electron-ion spectra in Cartesian coordinates

This form of the Fourier transform is required for calculations using RHYthMIC. In this case,

we define
r=x(")i+y(¥)7 +2(§%)k (5.18)
kr =kt +kyg+k.k (5.19)
and also
R = R(%) (5.20)
kg = kgl (5.21)

where z, y, z and R are the scaled Cartesian coordinates introduced in Section. 2.5.1. We ex-

press Eq. (5.17) in Cartesian coordinates

2

. k . k2 1 Rimax i Zmax . .
by, Kpor)e'T 7 TR = / deR R/ (eR)e=hn (€T / de® 2/ (£%)e =€)
0

B m —Zmax
X /ymax de¥ o (£9)e k(€ /rmax de™ 1/ (£7) e R (E)
—Ymax —ZTmax
X W(@(€7),y(€Y), 2(€7), R(€™),T) (5.22)

where we have split Eq. (5.17) in four consecutive integrals.

Joint electron-ion spectra in cylindrical coordinates

This form of the Fourier transform is required for calculations involving THeREMIN. In this case

we define

r = p(£°) cos i + p(€°) sin g + 2(€7)k (5.23)
ky = k,cosppt + k,sinprg + k. k (5.24)
and also define
R = R(e%) (5.25)
krp = kgl (5.26)
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where p and z are the scaled cylindrical coordinates introduced in Section 2.5.2. In that case

ky -1 =k,p(&°) cos O cos O, + k,p(£°) sinfsin by, + k. 2(£7)
=kyp(£”) (cos O cos b, + sin@sinby) + k.z(£7)
=k,p(£°) cos (0 — Ok) + k.2(£7) (5.27)

If we substitute Eq. (5.27) into Eq. (5.7) we get

2

2 Zmax
ke ke 1 B 4 R —ikgR 2 e —iksz
bkp,krle"” 2 e 2 = d&* R'(£7)e de* 2'(&%)e
0

(27T)2 —Zmax
Pmax 27
% / deP p(£P)p! (€P) df ¢~ kep(£P) cos (0—0)
0 0
X Wy(p(69), 2(67), R(EM), 1). (5.28)
Letting © = ¢ — ¢, we can simplify the last integral to
2T —pp ) 2 )
/ d@e—zkpp(gp) cos© _ / d@e—zkpp(ﬁp) cos© _ Jo(k‘pp(fp)) (5.29)
—Pk 0

which is just the zeroth order Bessel function [208]. Thus we can write

. kz . k2 1 Rimax . Zmax . .
b(kr7 kR)eZTTe’LTTR — (\/7)3 / déR Rl(gR)ef’Lk‘RR(SR) / dé-z Z/(gz)efzkzz(g )
27 0 —Zmax

Pmax
rho /
></0 g™ p(€°)p'(€°)
X W(p(€P), 2(€7), R(E™), 1) Jo(kpp(€9)) (5.30)

In Eq. (5.30), the integral over the R and z coordinates is again a Fourier transform, while the
integral over p is a Hankel transform [208] (also as the Fourier-Bessel transform). The Hankel

transform is just the equivalent of a Fourier transform in polar coordinates.

5.2 The sampling point method

In the Fourier method we evaluate the PES by projecting the wavefunction onto scattering
solutions. This involves the calculation of volume integrals which can become prohibitively
expensive. In actual experiment, the PES is measured by collecting electrons that enter de-
tectors placed at various points in space. We can think of calculating the PES using the same
idea. In this case we record the wavefunction at particular points in space, and then Fourier-

transform this collected wavefunction in time:

U (ra,w) = \/%/dt et (g, t) (5.31)
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where 7/ is the measure point in which the wavefunction is collected.

We can show that Eq. (5.31) is related to b(k), and so the PES can be calculated using
U, (7, w) instead of the spectral amplitudes b(k) [258]. In that case we can write

1 k. T e
U, (ry,w) = / dQdkk? ———e®Tu / dt ——e @Rty (k) (5.32)
(var)® Var
1 .
- / d0dk K2R TV S (0 — wy)b(k) (5.33)
T
— QL / AQdkk2e T 5k — /2w )b(k) (5.34)
i
= 4mk2b(\/ 2wy, )MV 2k (5.35)

where df) = sin 6df and wy, = % We identify E = wy, and the PES yield is simply given by

dPy(E) 1 b
dE VE

(k)[>< VE|Us(rpr, E)|. (5.36)

We note that we have used k = /2wy, which assumes that k& > 0, hence we only consider out-
going wavepackets. We also assume that the momentum vector of these outgoing wavepackets

are parallel to the radial vector, so k - 7y = k 7.

The average of the PES from all the measuring points across a sphere is the total PES

dP(E) ~— dPy(E)
iE =X dm

M (5.37)

M

In order to average between the points, the weighting factors 7y, are introduced. If we divide
the surface covered by the measuring points on the unit sphere, with the surface Sy, corre-
sponding to a particular point )/, each weighting factor is just the solid angle covered by

each point:

Y™ = /dQM- (5.38)

If we map each measuring point to their corresponding (6, ¢) pair, we get the photo-
angular distribution (PAD):
[bay, (R)|= ¥ (Qar, ). (5.39)

The method was originally proposed by Pohl, Reinhard and Suraud [258] to study photo-
fragmentation of clusters. The method is useful in situations where we want to know the shape
of the PES, or the position of the peaks in the spectra, as in experiments with clusters and large
systems [262-264], but not when we are interested in the actual values of the scattering ampli-
tudes. The method gives a PES which is proportional to the spectral amplitudes by evaluating

the energies that crosses the measuring points.

The sampling point method is a good approximation for short wavelengths and weak

fields (and far from the bound states for long-range potentials). But for strong laser inter-
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actions this is not the case any more. At very high field intensities we must consider Volkov
solutions. To include those solutions in Eq. (5.32) a phase can be added to the wavefunction.
The purpose of this phase is to cancel the phase introduced by the laser field. This approach
was called ‘Phase augmented” [265].

5.3 The surface flux method (t-SURFF)

Like the sampling point method, the surface flux method simplifies the calculation of the PES
by avoiding the calculation of volume integrals. This means that large grids are not required to
hold the ionised wavefunction. In the surface flux method the configuration space is divided
into two regions, inner and outer, as describes in Section 5.1. The flux of outgoing electrons
passing through the surface between the two regions is recorded. One thing to consider is that
the non-local interaction of the dipole and the external electric field modifies the energies of
the system everywhere, therefore stationary solutions no longer apply in the outer region. In
order to describe the evolution of the wavefunction once it has passed the surface we assume
that the dynamics of the particle are only governed by the electromagnetic field, i.e, the dy-
namics are described by Volkov waves. This assumption allows to convert the volume integral
in Eq. (5.7) into a time integral of a time-dependent flux passing through a surface. The fact
that the outgoing wavepackets are only stored at certain points on the grid allows the use of
absorbing boundaries at the edge of the boxes, reducing dramatically the size of the grid re-

quired.

The surface flux (t-SURFF) was developed by Tao and Scrinzi for one and two electron
systems [259, 266], and it has been further applied to the strong field ionisation of Hy [267,
268], and more complex systems with time-dependent configuration interaction singles (TD-
CIS) [269]. To obtain the spectral amplitudes we use Eq. (5.7), but now we introduce a new
operator

Tk’ )2
bik) € TR/2 = (a0, (1) = (el 00r0) [,(T) (540

where 6(r}) is the Heaviside function and 7 is the radius of the surface which separates the

inner and outer regions. We define the matrix element

(o) [0 = [ dr i) (5.41)
[7[>rs
The key of the method is to convert the volume integral in Eq. (5.41) into a time-dependent
surface integral. Neglecting again the Coulomb potential, and assuming that the dynamics in
this region is only governed by the electromagnetic field, the Volkov Hamiltonian in this region
is

Hy(t) == [k — A(t))? (5.42)

N

whose solutions are Volkov waves

1 ikr —io(k,t)
Xk(r,t) = e™le ’ (5.43)
(vV2r)’
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where ®(k, t) is the Volkov phase

1 t
O (k,t) = 2/ dt’ [k — A(t’)]2 (5.44)
0
and A(t) is the vector potential of the electric field.

The transformation from volume integral to time dependent surface integral is obtained

by calculating

T
d
Xkl 0(70) [Ws) = /0 dt — {xil 0(r) [9(T)
T
=i [ e Gl M 00() — 00RO |2,(T))
0
T 1
= z/ dt (x| [—2v2 —iA(t) - V,0(r) | |Vs(T)) (5.45)
0
Thus the volume integral is reduced to a surface integral at r = ry.

Most previous 3D implementations of the t-SURFF method have been in spherical coor-
dinates. Consider the evaluation of Eq. (5.45) in spherical polar coordinates, and consider an
elliptically polarised laser pulse lying in the 2-z plane and propagating in the y-direction. In

that case we can express the commutator as

1
—§v2 — AV, 0(r) | =

— zAx( )sm@cosgb d(r —ry) —iA,(t) cosO §(r — ryp)
%
01 0
— 75(7’ =) + 5-50(r =) = *5(7” — )5 (5.47)

— 1A, (t)sinf cos pd(r — 1p) — i A, (t) cos @ o(r —1p)

— <
where in the last equality, we have used the property 6, = — 0, (the derivative 0, is acting

on the operator on its left) [201].

The Volkov states are also written in spherical coordinates, in this case the exponential

exp (i k - r) is expressed as a multipole expansion,

eik'r =A4r Z iljl(k : T)YEm(era qbr)}/l:n(ekv ¢k) (5.48)

Im

where j;(k - ) are Bessel functions of the first kind and Y] ,,,(6, ¢) are spherical harmonics.

We can think of our wavefunction expanded in a basis of spherical harmonics, i.e.

U(r,0,¢) = Zfzm )Yim (6, ¢) (5.49)
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Using Eq. (5.48), Eq. (5.46) and Eq. (5.49) in Eq. (5.45) gives

b(k)e=TR/2 = (x4 0(ry) |.)

—m,\/>/ dtexp( /th[k—l-A(T)]z)
x Z (31 (rs) fim (1) = Gu(k) Fhy (75)] Yion ()
— (—i (ZA (Yo ()] 5100 €08 & [Yirgw (1)) firmw (1)
+ Az (t) (Yin (Q2r)| €08 0 [V (€2)) fzw(m)) Yirn () (5.50)

where the vector k represents (k, Q). We note that

<Y2m| SiDQCOng) |le’m’> = 5l:t1,l’5m:|:1,m’ (5-51)
<}/lm‘ cos |}/l’m’> = 5l:tl,l’5m,m’- (5.52)

The angle-resolved photoionisation spectrum will be given by

d*P(E,Qp) 1 d*P(k,Qy)

=— = |b(k, ) [? 5.53

dEd0y k dida, R 559
and if we integrate over the solid angle () we get
dP(E bk, Q) [?

d;; ) = /ko k27| ( ’k Jl = /ko Eb(k, )| (5.54)

The flexibility of the method allows us to choose if we want to calculate the time integral
during or after the calculation. In our case we calculate the time integral afterwards. The nu-

merical procedure will be explained in Section 5.4.3.

Joint electron-ion spectra using t-SURFF

As described in Section 5.1.1, joint electron-ion spectra requires two surfaces to divide elec-
tronic and nuclear wavepackets. In the surface flux method we can use the same idea in order

to calculate the joint spectra.

In this work we only consider the nuclear vibration. As it was mentioned in Chapter 2,
we treat all degrees of freedom of the molecule quantum mechanically. We remember that our

molecular Hamiltonian has the form Equation (2.4):
H(r,R,t) =Te(r) + Tn(R) + Ven(r, R) + VN(R). (5.55)
We are interested in calculating the DI of the Hj . In order to distinguish between the dis-
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sociative channel, Eq. (5.12), and the dissociative ionisation channel, Eq. (5.13), we divide the
coordinate space into different regions, delimited by the boundaries 1, and Ry, as in Figure 5.1.

Introducing the Heaviside operators 6. and 6y

0 for|r|<r

0, = (5.56)
1 for|r|>m
0 for |R|< Ry

Oy = (5.57)
1 for |R|> Ry

we are able us to split the electron-ion wavefunction into a bound (B) part, an ionised (I) part,

a dissociated (D) part and a dissociative ionised (DI) part

U(t) = (1—=0c)(1 —On)V(t) +0c(1 —On)V (L) + (1 — 0c)ONT (L) +0ONT(L)  (5.58)
Up(t) U, (1) Up(t) Upr(t)

Within the dissociative ionisation region we neglect the electron-nuclear potential and the
Coulomb repulsion between the nuclei. Therefore, the DI Hamiltonian is only formed by the
terms Hpr = T + Ty + Ur. The corresponding TDSE

d
en |Upr) = Hpr |¥(1)) (5.59)

has a solution that can be separated into an electronic part and a nuclear part. The electronic

solution, xx, (7, t) is a Volkov wave,

1 . .
Xk. (,,,’ t) _ elker€*1¢(ke’t)7 (5.60)

whereas the nuclear one, xy, (R), is a plane wave,

1 . . 2
Xey (R, ) = E ckN R —ikN/2t (5.61)

As in Section 5.1.1, we denote

’Xke (Tv t)XkN (R7 t)) = <Xke (T7 t)| ® <XkN (Rv t)‘ . (5-62)

At very long times 7', the amplitude for the DI region is given by
b(ke,kn,T) = (X (7, T)xiep (R, T)| Oc (1) ON(Rp) [¥(r, R, T)) . (5.63)
If we convert this volume integral into a time-dependent surface integral integral we obtain
rod
bk oo, T) = [t 06 (0 (1) () O (o) ¥, R, 1)
0

T
/dt (ke kn,t) + BY (ke, k. t)] (5.64)
0

112



In Eq. (5.64) the two terms represents the flux coming from the ionisation and the dissociation

regions respectively into the DI region

B (ke, kn,t) = (Xk () Xky (O] [Te + UL, 0c(ro)] On (R) [¥(r, R, 1)) (5.65)
BN (e, kn,t) = (Xk, () Xk (0)| [T, On (Rb)] Oc(rp) |9 (7, R, 1)) (5.66)

These two terms must be summed coherently in order to get the DI amplitude. However, as

Yue and Madsen [268] point out, we can neglect the term B¢ ~ 0 if we choose Ry, large enough.

Consider the flux that crosses the electron-ion boundary, Eq. (5.66), which is the only one

that contributes to the total DI amplitude. We can rewrite this quantity as
T
BN (ke kn,t) = z/ dt> " (XenXk.| [T, O8] 0c [T (7, R, 1)) . (5.67)
0 n

The term 6, |¥ (7, R, t)) represents the wavefunction outside the electronic boundary. As be-
yond 1}, we are using and absorbing boundary method to prevent reflection of the function
against the edges of the box, we can not know the exact form of 6. |¥(r, R, t)). In that case
we can expand this term in a time-independent basis of orthogonal functions, &,(R), and

Volkov waves, xi, (R), i.e

6. |0 (r, R, 1)) — / e 3 i (RS (key 1, 1) (5.68)
where
. t) = [ @k aule K )50 . ) (5.69)
and
B(ke,m, ) = / dr b (1 £)60 / AR & (R)U(r, R, 1) (5.70)

can be obtained by orthogonal projection. In Eq. (5.69) qg(k, k', t) is a term introduced to

ensure orthonormality of the plane waves

/dgkteqe(k, K1) (xn | Oc |xir) = 6° (k — K"). (5.71)
The basis functions &, (R) are an orthogonal set of functions. As we are neglecting the
Coulomb potential within the DI region, then, in the absence of an electric field, we can assume

a plane wave once again and choose a sine basis set of the form

§n(R) = sin (Zf) (5.72)

where R.x the maximum value of the internuclear coordinate.
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Thus Eq. (5.70) can be written

B(ke,n,t) = (&nl (Xk.|be ¥ (r, R, 1)) . (5.73)

If we take the time derivative of Eq. (5.73) we obtain

d d

aﬁ(kea n,t) :a <£n| <Xke‘ O |\IJ(7~’ R, t)>
d d

+(&nl 5 (el Oe [W(r, R, 1)) + (€l (xic | Oey [9(r, R, T))

=—1 <€n| HN Z’§m><€m|<Xke| Oe ‘\I’(Ir’ R7t)>

+ 1 (€nl (Xk. | [Ho, 0] [¥ (7, R, 1))
= — ZZ <§n| Hn |§m> ﬁ(kﬁe, m, t) +1 <Xk5| [Hv, 96] <§n|\II(T7 R, t)> (5.74)

The second part of the last equality accounts for the flux through the electronic surface, and
its commutator takes the same form given in Eq. (5.46). In spherical coordinates, the bracket

(&n|¥ (7, R, 1)) can be expanded in spherical harmonics as in Eq. (5.49), i.e.,

U, Rt) = fuim (1) Yim (0, ). (5.75)
lm

The inhomogeneous differential equation, Eq. (5.74), can be easily solved using a 4""-order
Runge-Kutta method. We assume as initial condition that there is no ionisation at ¢ = 0 and
so the initial condition is

B(ke,n,0) = 0. (5.76)

Substituting 3(ke, n, t) into the time integral of Eq. (5.66) gives

By (ke knot) = (Xkw | [H, O8] [6) B(Ke, n, t). (5.77)

n

The commutator takes the simple form

%

10 0
InN,ON] = —-550(R—Ry) —0(R—R 5.78
[T, 0n] 53R b) — O( Dog (5.78)
where % acts on the operator on its left.
With this prescription we obtain the spectral amplitudes as
T
b(ke, kn,T) = z/ dt By (ke, kn,t) (5.79)
0

T
=i [t Y e T, 60) Bkt

n

. T .
_ /wz\/ﬂ/o dt Y e I [ikng,(Ry) — €0 (Ry)] Blke,n,t).
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54 Numerical implementation of the library

In this section we will discuss the numerical implementation of the methods described above
in a numerical library called POpSiCLE, which stands for PhOtoelectron SpeCtrum library for
Laser-matter intEractions. POpSiCLE implements these methods in a range of coordinates sys-
tems (Cartesian, cylindrical and spherical) in order to interface with a range of computer codes
for solving the TDSE. It is written in FORTRAN 2003 and comes with a number of helper and
post-processing scripts written in python. The library can be used for serial and parallel cal-
culations. One of the main purposes of the library was to create a tool that can be used in
massively parallel calculations. For efficient communication between nodes and efficientI/O,
the library uses the MPI protocol and the HDF5 file format to store the spectral information.
The library is available on the CCPForge repository (https://ccpforge.cse.rl.ac.uk/gf/
project/popsicle/).

One additional requirement is a method to calculate FFTs. With suitable compilation flags,
the user can choose either the Intel Math Kernel Library (MKL) [270] or the stand-alone Fastest
Fourier Transform in the West (FFTW) [271, 272]. MKL is a proprietary and highly efficient
library for computing FFTs. It is specially designed to have higher performance on Intel ar-
chitectures. FFTW is another efficient library, written in C, to compute the FFT algorithm. It
is available across different architectures and is one of the most popular implementation for

FFT calculations in many scientific applications.

In this section we will describe the numerical implementation of the library. We have di-
vided this section in three parts. In Section 5.4.1 we will discuss the implementation of the
Fourier method. Section 5.4.2 will then describe how we interpolate the wavefunction in-
formation onto spherical surfaces for use in the t-SURFF and sampling point methods. In
Section 5.4.3 the implementation of the t-SURFF methods will be describe while the imple-

mentation of the sampling point method will be described in Section 5.4.4.

5.4.1 Implementation of the Fourier method

As discussed in Section 5.1, performing Fourier transforms on large multidimensional grids
is a difficult task. In general, we can employ the Discrete Fourier Transform (DFT), which is
simply the discretised version of the Fourier transform over particular points in configuration

and frequency space. For an array z of values z,, with IV values, the DFT can be written
N-1
F, = Z Ty, - e 12mkn/N fork € Z (5.80)
n=0

The DFT is a computationally expensive algorithm because it scales as O (N?). However, if our

coordinates are equally spaced, the most efficient Fourier transform method is the Fast Fourier
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Transform (FFT) algorithm [244, 273]'. The FFT algorithm exploits the symmetry between the
odd and even terms of a DFT, following a ‘divide and conquer” strategy. This algorithm scales
as O(N log N), which means that for an array of length N = 10° the calculation will last
around 50 ms, whereas with the DFT it will take around 20 hours. The only constraint for us is
that the points in configuration and frequency space must be equally spaced in order to exploit
the before mentioned symmetry properties of DFT. Most implementations of the FFT are se-
rial. This presents a problem when large grids are used as memory access problems can occur.
Due to this limitation, our strategy is to implement a set of subroutines that redistributes the
decomposition of the wavefunction itself. This allows us to overcome the memory problems

while and not spoiling the efficiency of the underlying FFT algorithm.

To show how our parallel scheme works, consider the 2D example illustrated in Figure 5.2.
In this case the wavefunction for the system, lying in the x — y plane, is distributed across 16
processes, arranged as a 4 x 4 grid. Along the x axis, IV, points are stored per process so that
the total number of z-points in the calculation is N = 4N,. Along the y axis, M), points are
stored per process so that the total number of y-points in the calculation is M = 4M),,. The
calculation begins with each process containing its own piece of the total grid. We will FFT the
wavefunction for each coordinate in turn. Consider the FFT in the = coordinate. Each process
will have to carry out an FFT M), times (one for each y value), therefore each FFT requires the
wavefunction information for all N points along the z-axis. However, each process only has
N, elements. We communicate this particular slice of the wavefunction to all the processes
which participate in this direction with a MPI_A11toall call. After the FFT completes each
process, it obtains its own range of the corresponding k, values (the momentum values in
x) with another MPI_A11toall call. Once the FFTs are calculated along the x coordinate, the
process is repeated for the y coordinate. Before FFTing the wavefunction, a mask function is
applied to the wavefunction to remove the bound states present on the wavefunction array.
The library provide routines to create different types of masks. These masks will be discussed

in Section 6.1 and Section 6.2.
For the case of THeREMIN, which solves the TDSE in cylindrical coordinates, we require the

Fourier transform of the p coordinate, lying in the range 0 < p < oco. In this case, we require

the Bessel transform of the wavefunction, i.e.

Pmax
F(ky) = /0 dpJo(kpp)f(p), (5.81)

where Jy(k,p) is the zero-order Bessel function of first kind. Since p is also distributed across

processes, we parallelise this as illustrated in Figure 5.3.

POpSiCLE provides two main routines for transforming a wavefunction from coordinate

'The FFT is the most efficient algorithm used to calculate Fourier transforms, developed by J.W. Cooley and
J.W. Tukey in 1965. However, it is known that the first person who work on this algorithm was C.F. Gauss in 1805.
Gauss used it to calculate the orbits of celestial bodies [274].
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For each y; with j € {1, M}
Coordinate space Momentum space
FFT’d in x direction

nn MPI MPI

[ — ﬁ
7 Communication Communidatio:

For each z; with i € {1, N,,}
FFT’d in y direction

MPI
Commumca?lon Commumjatlo

Figure 5.2: Schematic diagram showing how the FFT of a wavefunction parallelised on a 2D grid can be
carried out. See text for a complete description.

Coordinate space

Momentum space

Coordinate space Momentum space
p axes

~

Gather p axes Pass the axes to processors

Figure 5.3: Schematic diagram showing how the Fourier-Bessel transform of a wavefunction parallelised
on a 2D grid can be carried out. See text for a complete description.
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space to momentum space

1. FourierTransform
To call the main routine, FourierTransform, the user must provide the rank and di-
mensions of the grid, (apart from the input and output array, of course). If the user
wants to use the parallel version, he/she also needs to provide the dimensions of the
wavefunction in total and per processor, the global MPI communicator and the position

that each processor occupies on the total grid.

2. FourierBesselTransform
To call this routine for use with the p coordinate in cylindrical coordinates, the user must

specify the same inputs for this coordinate as are used for FourierTransform.

The library also contain auxiliary subroutines that are not essential but useful in this type
of calculation. There is a module dedicated to save data to HDF5 files. The full spectral am-
plitude and also different projections of the amplitude can be saved. The other pack of aux-
iliary subroutines are dedicated to the transformation of the amplitudes from cylindrical and
Cartesian coordinates to spherical coordinates. To interpolate the original arrays onto regular

spherical meshes, bi/ tri-cubic interpolation is used: this will be described in Section 5.5.

5.4.2 Interpolation of the wavefunction onto spherical surfaces

For both the t-SURFF and the sampling point method, we need to know the values of the wave-
function (and its first derivative) at a series of points on a spherical shell at a given radius from
the origin. In light of the spherical nature of the problem and the fact that the initial implemen-
tation of t-SURFF was in spherical coordinates, this is the most appropriate coordinate system
to use. However, many codes, including those used in this thesis, are not written in spherical
coordinates and so we require a method for interpolating the wavefunction information onto
a spherical shell. Since we are only interested in these values on a defined shell at radius 7y,
one way to proceed is to calculate these values during the execution of the TDSE solver, store
these quantities to file and then post-process this data at a later time. We find this is more
flexible because of the computational demand of calculating the time-integral in the t-SURFF
method and the FFT’s for the sampling point method is small compared to the effort required
to solve the TDSE.

In order to interpolate the wavefunction at the required surface, the user can choose be-

tween two multi-dimensional interpolation algorithms.

1. Shepard’s method
The Shepard interpolation is a method used to interpolate scattered data in two and
three dimensions. We use the external package of routines SHEPPACK, written in FOR-
TRAN 90, which contains the implementation of the modified Shepard algorithm [275].
Before interpolating, it performs a gridding operation through all points to locate them
in an area or volume (depending if the interpolation is 2D or 3D). This method is compu-

tationally expensive, and it can cause the huge slow down in the TDSE / TDDFT solver.
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Figure 5.4: Scheme of a cylindrical grid decomposed over processor elements. In this case we can see
that the surface only passes through some of these processors.

2. Bi/tri-cubic interpolation
For two-dimensional data we implement bicubic interpolation [244] while for three-
dimensional data we use tricubic interpolation [276]. Both methods work by carrying
out cubic interpolation on 2D and 3D regions of space using piecewise polynomials.
The overall performance of the bi/ (tri)-cubic method is a couple of orders of magni-
tude faster than Shepard’s method at the same level of error. For that reason bi/tri
cubic interpolation is POpSiCLE’s default interpolator. In Appendix B we show how the

interpolation method works.

Our goal is to know the values of the wavefunction and its first radial derivative on the
surface over a regular spherical mesh. The first derivative will be calculated by a finite differ-
ence rule. Therefore, we have to interpolate the wavefunction at several radial points in order
to apply the finite difference rule. In addition, initial implementations of t-SURFF in spherical
coordinates used spherical harmonics for describing the angular coordinates. We do the same
and so the user must specify the maximum angular momentum quantum number to use. This
value allows us to determine the number of (6, ¢) points that will be mapped over the spher-

ical surface. Use of the interpolation routines requires three steps in the TDSE solver.

S1 Initialization

e jnitialize_cylindrical_surface

e initialize_cartesian_surface

These routines allocate and initialise the arrays to be used to interpolate the wavefunc-

119



52

S3

tion from the working coordinates to spherical coordinates. It also creates the HDF5
surface file with it own internal folder structure. The user must provide the following
as input parameters: the mesh points for the grid, the boundary radius, 75, the maxi-
mum angular momenta of the stored wavefunction and information on how the grid
is split between processors. In order to calculate derivatives of the wavefunction using
finite-differences, the finite difference rule type is specified together with the radial grid
spacing Ar.

After creating a grid in spherical coordinates for all required points on the surface, the
initialisation routine locates the closest surface points in the original coordinate system
by finding their corresponding array indices. These array indices serves as a mapping
between the original and the spherical coordinate systems.

For example, in cylindrical coordinates, after having created a mesh of Ny points in the
6 coordinate (Gauss pivots) on the spherical surface, the subroutine calculates the coor-

dinates of those points in cylindrical coordinates using

Pr = Tpsin Oy

zE = rpcos Oy
forallk =1,..., Ng. The positions 7, j on the axes p and z are then located so that

pli] < p < pli+1]
z[j] < z < z[j + 1]

Interpolation

get _cylindrical_surface

get_cartesian_surface

These subroutines, called each timestep during a simulation takes the wavefunction,
time, electric field and vector potential as input parameters. The wavefunction is trans-
formed to spherical coordinates and its first radial derivative is calculated on a spherical

surface. Both quantities are then written to file.

Usually grid-based codes are parallelised by distributing the grid across cores. In this
scenario, the surface will be contained on some processing cores. For example, a dia-
gram of a parallelised grid in cylindrical coordinates is shown in Figure 5.4. The initiali-
sation routine determines which processors contain the surface and which do not. Only

cores containing a part of the spherical surface will carry out interpolation.
Finalization
delete_surface_2D

delete_surface_3D

120



At the end of the simulation, this deallocates all allocated arrays and closes the output
file.

The I/ O routines create a single HDF5 file that is opened collectively by all the participating
MPI processes. Each process writes its piece of the surface to this file. One of the advantages of
using the HDF5 format is that each file can be split in a folder-like structure, allowing for the
highly organised collection of data. Additionally, the HDF5 format gives efficient MPI-1/O

performance.

For calculation of joint electron-ion spectra the procedure is similar to above. In this case
we now need to deal with two surfaces: the electronic surface (at rs) and an ionic surface (at
Ry). In this case, since we only deal with vibrational motion (a 1D treatment) we do not need
to perform an interpolation in the ionic coordinate. Three sets of routines are then provided

to output the surface files. For THeREMIN, these routines are
® jnitialize_correlated_cylindrical_surface
e get correlated_cylindrical_surface
e delete correlated surface 2D
while for RHYthMIC we use
® jnitialize_correlated cartesian_surface
e get correlated_cartesian_surface

e delete_correlated_surface_3D

5.4.3 Implementation of the t-SURFF method

Once we have obtained the surface file from a time-dependent calculation, we can calculate
the spectral amplitudes with the t-SURFF method solving Eq. (5.50) and Eq. (5.79). This can be
achieved using an external program, tsurff_calculator, thatis distributed with the library.
This program processes the surface file that is outputted from the TDSE / TDDFT solver. When
executed, this program asks the user for various parameters that were used in the calculation,
creates the required arrays, reads the relevant data from the file, calculates the surface integral,
integrates this in time and outputs the resulting spectral information to disk. This output can
then be visualised by another supplied python script, popsicle_viewer. For the calculation
of the spherical Bessel functions we use a numerically accurate implementation available in

reference [277].
The parameter requested by tsurff_calculator at runtime are
¢ the name of the surface file,

e the surface radius, given in atomic units,

e the grid spacing of the k coordinate in atomic units,
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¢ the maximum value of the k£ coordinate in atomic units,
¢ the maximum angular momentum of the calculation,
e if we want to transform the wavefunction from length to velocity gauge, and

e the filename for the PES file, the filename for the file containing the spectral amplitudes
integrated over angles, and the filename for the file containing the angularly resolved

spectral amplitudes.

Once this information has been supplied the main calculation begins and proceeds in three

stages

1. The surface information in spherical coordinates are decomposed in spherical harmon-
ics. This decomposition is often called Spherical Harmonics Transform (SHT). For a brief

overview of the decomposition procedure see Appendix A.
2. The amplitudes are then calculated according to the Eq. (5.50)

3. For calculation the time integral we use Simpson’s rule.

When calculating joint electron-ion spectra using THeREMIN and RHYthMIC we use an ex-
ternal program called tsurff_correlated_calculator. In this case we read in the above

parameters for the electronic surface. In addition, we now read in parameters for
o the ionic surface radius in atomic units,
e the grid spacing of the k coordinate for the ionic coordinate in atomic units, and
¢ the maximum value of the k coordinate for the ionic coordinate in atomic units.

This code then integrates the time integrals detailed in Eq. (5.79).

5.4.4 Implementation of the sampling point method

The raw data for the sampling point method can be obtained in the interpolation and data out-
put phase of a t-SURFF calculation, as described in Section 5.4.2. In this case the set of (6, ¢)
points on the surface at r}, represent the sampling points as described in Section 5.2. During a
calculation, the wavefunction information at these sampling points are output to the surface
file.

In order to calculate the PES, using Eq. (5.31), we use the utility routine sampling_calculator,
that is distributed with the library. This program processes the surface file that is output from
the TDSE/TDDFT solver. When executed, this program asks the user for various parameters
that were used in the calculation, reads the relevant data from the file, calculates the Fourier
transforms and outputs the resulting spectral information to disk. This output can then be

visualised using the python script, popsicle_viewer.
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In order to improve the resolution of the spectra, the utility routine can pad zeros at the

end of the time domain. The grid spacing in frequency space, Aw, is given by

2

Aw =15

(5.82)

where N, is the number of time-steps in the output file and At is the value of the time step.
According to Eq. (5.82), a longer signal in time will result in smaller grid spacing in the fre-
quency space. However, it is not possible to resolve higher frequencies by decreasing Aw only
padding with zeros at the end of the signal. To explain this, we can distinguish between two
resolutions, the sampling resolution, Aw; and the FFT resolution. The sampling resolution is
given by

2m 27

Aw, = — = 5.83
YT T Nudt (5.83)

where Tiy is the time duration of the interaction, without any padding. The FFT resolution is

given by Eq. (5.82). Then, the duration of the time domain signal is 7' = N;At is, so
T ="Tn+ Tpada (5.84)

where T},,q4 is the time with pad with zeros. Therefore, the highest frequency we can resolve

depends on Aws, the FFT resolution, no matter how fine Aw is.

5.5 Efficiency of the interpolation routines

In this section we compare the two interpolation methods (Shepard’s method and bi/ tri-cubic
interpolation) implemented in POpSiCLE and described in Section 5.4.2. In order to perform a
realistic case similar to what will be done in an actual calculation, we interpolate the 3d state
of the hydrogen atom (whose quantum numbers are n = 3,1 = 2 and m = 0) at a given value
of the surface radius. To measure these interpolation times we carry out serial calculations, in
2D and 3D.

Firstly, we test the 2D routines using THeREMIN, where the 3d eigenstate is represented in
cylindrical coordinates. The grid parameters used in this calculation are set out in table 5.1.
In this case the surface radius is at 7, = 20 ag. In this surface we interpolate at 101 §-points,
where these 6 points are chosen as Gauss-Legendre quadrature points. The timing obtained
using bicubic interpolation and Shepard’s method are presented in table 5.2. We can see that
bicubic interpolation is 37 times faster than the Shepard’s method. In addition, in order to test
the accuracy of the methods, we also present the maximum error obtained when interpolating
the function. The maximum error is obtained from the maximum difference between the trial
function (the 3d eigenstate) and the interpolated function over all grid points. We observe
that, at this radius, the bicubic interpolation has an maximum error four orders of magnitude
lower than the Shepard method. The lower error, in addition to his better performance, makes

bicubic interpolation clearly superior to Shepard’s method in two dimensions.
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Coordinate Number of points ~ Grid spacing (Bohr) Mesh extent (Bohr)

P 500 0.1 0<p<H0
z 500 0.1 —-25<2<25

Table 5.1: Grid parameters used for testing the interpolation routines in 2D (employing THeREMIN).

Interpolation method Timing (seconds) Max. error (r = 20 ag)

Shepard’s method 1.1022 5.56 x 1079
Bicubic interpolation 0.0296 3.78 x 10713

Table 5.2: Timings for 2D interpolation using both methods: Shepard’s method and bicubic interpola-
tion. The 3d state of the hydrogen atom on a surface at radius r = 20 ay is interpolated from a 2D grid
in cylindrical coordinates, whose grid parameters are given in table 5.1, to spherical coordinates. The
timings shown in this table have been averaged over 10 runs. The maximum error for each interpolation
method is also shown.

Secondly, we test the 3D routines using RHYthMIC. As in the 2D case, we interpolate the 3d
eigenstate of the hydrogen atom, in Cartesian coordinates (grid parameters for this calculation
are given in table 5.3). We interpolate onto a surface at radius 1, = 4.5 ag. In this case 101
f-points and 201 ¢-points (20301 points are used in total). In this case, the § points are chosen
as Gauss-Legendre quadrature points, while the ¢-points are equally spaced within the range
[0,27]. The results are present in table 5.4. We see that tricubic interpolation is 4.85 times
faster than Shepard’s method in this case. Again, the maximum error of the interpolation is
presented to show the accuracy of the methods, in this case in 3D. To compare the accuracy
between the methods in 2D and 3D, we also present the maximum error of the interpolation
using 2D routines at the same radius, r, = 4.5 ag. In 3D both methods the maximum error
have the same order of magnitude, which is considerable larger compared to the 2D case. In
the 2D case, the errors at this radius, r = 4.5 ag are larger with respect to the interpolation at
r = 20 ag due to the lower local density of original grid points at smaller radius. Since the
interpolation of the surface values must be carried out once per time step in an actual calcula-
tion, the longer times needed by the Shepard’s method add an excessive overhead that make
its use unfeasible for production calculations. For this reason we prefer to use the bi-tricubic

interpolation method.

It is worth to mention that these tests for interpolation are computationally more demand-
ing than actual parallel calculations. In a serial run all the interpolation is carried out by only
one processor, whereas in a parallel run the surface is split across processors, therefore a given

processor only has to interpolate a fraction of the total points on the surface.
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Coordinate Number of points ~ Grid spacing (Bohr) Mesh extent (Bohr)

T 121 0.1 —6<2<6
y 121 0.1 —6<y<6
z 121 0.1 —6<2<6

Table 5.3: Grid parameters used for testing the interpolation routines in 3D (employing RHYthMIC).

Interpolation method Timing (seconds) Max. error (r = 4.5 ag) Max. error in 2D

Shepard’s method 740.1859 7.35 x 1072 9.38 x 1076
Tricubic interpolation 152.5022 7.34 x 1072 8.44 x 1079

Table 5.4: Timings for 3D interpolation using both methods: Shepard’s method and tricubic interpola-
tion. The 3d state of the hydrogen atom on a surface at radius = 4.5 a,, is interpolated from a 3D grid
in Cartesian coordinates, whose grid parameters are given in table 5.3. The timings shown in this table
have been averaged over 10 runs. The maximum error between the trial function and the interpolated
one is given. In addition, we also present the maximum interpolation error at the same radius when using
the 2D interpolating routines.

5.6 Summary

In this chapter we have discussed the calculation of the photoelectron spectrum for laser-
matter interactions. The extraction of scattering amplitudes from solutions of the TDSE using
grid methods is still a computational challenge. In addition, we have presented the implemen-
tation of a library for efficient calculation of the PES. The library, named POpSiCLE (PhOtol-
electron SpeCtrum library for Laser-matter intEractions) is based on three different methods
for calculating photoelectrons spectra: The Fourier method, the sampling-point method, and
the t-SURFF method.

The Fourier method is the simplest approach to extract scattering amplitudes from the
solutions of the time-dependent Schrédinger equation, but is also the most computationally
demanding, because a volume integral is required to extract the scattering information. More-
over, another disadvantage is that, since the Fourier method obtains the photoelectrum by
projecting onto field-free scattering solutions (plane waves), the resulting spectrum is overes-
timated due to the presence of the Coulomb potential. Two solutions were proposed. The first
solution is to propagate the TDSE further in time, allowing the electron wavepacket to travel to
a region were the contribution of the Coulomb potential is negligible. However, this solution
implies an even larger computational effort. The second solution proposed is to truncate the
Coulomb potential at a certain radius to ensure that we project the ejected wavepacket against

the correct scattering states.
In the sampling-point method and the t-SURFF methods we avoid the calculation of a

volume integral by recording over time the values of the wavefunction at a particular sur-

face. In the case of the sampling-point method, it can be shown that the photoelectron spectra
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can be obtained by performing a Fourier transform on the surface values over time. Since a
Fourier transform is used, the method implicitly assumes the projection of the wavefunction
onto field-free scattering solutions, which raise the same problem as in the Fourier method.
Another disadvantage of the method is that, since no volume element is considered, the re-

sulting spectrum reproduces the correct energies but not the correct amplitudes.

Finally, in the t-SURFF method a volume integral is converted into a surface integral over
time. The method is the superior of the three methods presented for two reasons. The first
reason is that the calculation of a surface integral instead of a volume integral reduces dra-
matically the computationally cost, due to only the record of the wavefunction values at the
surface and its first radial derivative is required. The second reason is that, since the method

allows the use of Volkov solutions as scattering solutions, more accurate PES can be obtained.

In the second part of the chapter, details about the numerical implementation of the library
are given. In particular, in the implementation of the Fourier method we distinguish two cases,
depending on the code employed: using THeREMIN, which implements the TDSE in cylindrical
coordinates, the Hankel transform of first order must be used, while using RHYthMIC, which
is implemented in Cartesian coordinates, the Fourier transform is required, allowing the use
of the Fast Fourier Transform. We present a procedure to parallelise the execution of the trans-
forms across multiple processors, allowing the extraction of scattering amplitudes from wave-

functions that can reach sizes of several gigabytes.

For the surface methods, the spherical nature of the scattering problem makes it appropri-
ate to implement the t-SURFF method in spherical coordinates. However, a problem arises,
since many codes, such as the codes used in this thesis, are implemented in other coordinate
systems. For that reasons, in order to obtain the values of the wavefunction (and its first ra-
dial derivative) on the surface it is required to interpolate of the wavefunction onto a spherical
shell. The library uses two methods for interpolating functions in more than one dimension:
the Sheppard’s method and the bi/tri-cubic interpolation. The former method is used for in-
terpolating scattered data, while the latter method is based of interpolation using piecewise
polynomials. Performing an interpolation once per time-step during the time evolution in-
troduces an additional overhead to the propagation of the TDSE. As it was shown in the final
section of the Chapter, bi-cubic interpolation method performs 37 times faster than Sheppard’s
method in 2D on a single processor, while the tri-cubic method is 4.85 times faster in 3D. The
maximum error of bi-cubic interpolation is three orders of magnitude lower than the Shepard’s
method, and both methods have the same level of error in the 3D case. For these reasons, the
bi/ tri-cubic method is clearly superior than Shepard’s method and was chosen as the default

interpolation method of the library.
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Photoelectron spectra of Hj by intense laser

pulses

One of the most popular experimental techniques currently used to gain insight into the pro-
cesses occuring during laser-molecule interactions is time-of-flight spectroscopy. This tech-
nique makes use of technologies such as Velocity Map Imaging (VMI) [278, 279]), or more re-
cently, the sophisticated Cold Target Recoil Ion Momentum Spectroscopy (COLTRIMS) method
[280]. Using these techniques, it is possible to analyse the photo-fragments produced (elec-
trons and ions) with unprecedented angular and energy resolution. Therefore, it is essential

to provide a sensitive and powerful theoretical tool with which to study photoelectron spectra.

However, as we saw in Chapter 5, calculating the PES is extremely challenging, as electrons
that are ionised during interaction with the laser pulse can gain high velocities and travel large
distances in a short time. In this chapter we will calculate the PES for Hy ionised by VUV and
IR laser pulses using our developed library POpSiCLE. The chapter is arranged as follows.
In Section 6.1 we present a comparison between the three approaches for calculating PES in
POpSiCLE (Fourier transform method, sampling point method and t-SURFF) with a simple
test case of ionisation of H;’ by a short XUV laser pulse. This comparison is made using both
THeREMIN (2D calculations) and RHYthMIC (3D calculations). In addition, we show how the
methods perform in terms of computational resources required. Finally, Section 6.3 we will

present results for ionisation of H;r by IR laser pulses using THeREMIN.
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Pulse wr, A T No. cycles

au eV nm fs
1 1.37 37.22 3330 0.111 9
2 198 53.76 23.05 0.076 13
3 2,58 7030 17.63 0.058 17
4 3.19 86.84 14.27 0.047 21

Table 6.1: Laser pulse parameters for each of the 4 pulses employed in our calculations of photoelectron
spectra in H2+. All pulses have a duration of | fs, a peak intensity of I = 10'2 W/cm? and a temporal
profile described by a sin? function. In the table, wy, represents the photon energy, \ the wavelength,
and T the period.

6.1 Comparison between different PES approaches

In order to benchmark the different PES calculation methods implemented in POpSiCLE we
will study the interaction of HJ with linearly polarised laser VUV attosecond pulses. In this
photoionisation regime it is possible to compare with the well-established results available in
the literature. For instance, Bates et al. [116, 117] were the first to calculate photoionisation
cross sections using two-centre electronic wavefunctions. Later Plummer and McCann [126—
128] used a basis set Floquet technique to calculate photoionisation cross sections and ionisa-
tion rates. Also, Rescigno, McCurdy et al. [119, 121, 122] have used different grid techniques
(discrete variable representation and finite elements) to calculate photoionisation cross sec-
tions of Hj .

We consider 4 laser pulses, each having an intensity of / = 10'3 W/cm? and a duration of
1 fs. The pulse parameters are detailed in table 6.1. For these laser pulses we can neglect the
nuclear motion since the pulse durations are so short. Therefore, it is reasonable to consider
the nuclei fixed. In our benchmark calculations we consider the molecule in its 150, ground

state at a fixed internuclear distance of R = 2 ay.

We first consider calculation of the PES using THeREMIN by solving the TDSE in cylindrical
coordinates. For the laser pulses considered multiphoton ionisation is the dominant ionisa-
tion mechanism and so we expect the ejected electron travels radially outwards, we therefore

employ flat scaling for the p coordinate as described in Section 3.1.

The grid parameters employed in the 2D tests can be found in Table 6.2. Five sets of grid

parameters are considered. These are detailed below:

I The parameters in set (I) were employed to calculate the spectra with the Fourier method.
As described in Section 5.1, in order to apply the Fourier method the size of our grid must
be large enough to contain the whole wavefunction at the end of the time evolution. To
allow ionised electron wavepackets to travel enough distance from the parent ion we
propagate for 10 cycles after the end of the pulse. This ensures sufficient separation of

the scattering and bound states of the molecule.

I The parameters in set (II) are used for the surface methods (sampling point method and
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Set Method Points per core No. cores Grid spacing Surface radius ~ Mesh extent

p z p z p z Ty Pmax Zmax
I Fourier 300 301 4 9 0.1 0.1 - 117.5 £1354
I Surface 300 301 2 3 0.1 0.1 20 60 +45.15
I Surface 255 301 2 3 0.1 0.1 20 45 +45.15
IV Surface 245 291 3 5 0.1 0.1 50 7112 £72.7
V  Surface 301 271 4 9 0.1 0.1 80 1175 £121.9
VI  Surface 305 271 4 9 0.1 0.1 100 119.6 £121.9

Table 6.2: Grid parameters employed for calculating the PES in 2D using THeREMIN. Six sets of grid pa-
rameters were considered. In set (I) the Fourier method is used, which requires a large grid extent. In
sets (1), (1), (IV), (V) and (VI) the surface methods (sampling point and t-SURFF methods) were used, in
which during the time evolution we record a single surface file. The surface radius and the mesh extent
for each set is given in atomic units.

I

v

VI

6.1.1

t-SURFF method). In order to compare the efficiency between the Fourier method and
the surface methods, the number of grid points and the grid spacing in set (II) are similar
to those used in set (I). Since we are only interested in the values of the wavefunction
and its first derivative at the surface (for this calculation the surface radiusis r, = 20 ag)

the grid is extent is smaller than that used for set (I).

The set (III) were also used for the surface methods, but this time the extent and the
number of grid points in the p coordinate were reduced in order to maximise the effi-

ciency of the calculation.

The parameters in set (IV) and corresponds to a larger grid extent, and it was used in a

surface calculation where the surface radius was placed at r, = 50 ap.

The parameters in set (V) corresponds to a larger grid extent than in set (IV). The number
of grid points per processor and the number of processors used were also larger than in
set (IV), and it was used in a surface calculation were the surface radius was placed at

ry = 80 ayp.

Finally parameters in set (VI) are similar to those in set (V), but this time the surface

radius was 7, = 100 ay.

Fourier method results

In the following we first consider the results obtained using the Fourier method. The parame-

ters of the calculation correspond to set (I), in Table 6.2. For the Fourier method no absorbing

boundaries are used since we want to perform a Fourier transform on the scattering part of

the wavefunction. In Figure 6.1 we show the wavefunction at the end of the time evolution for

the four VUV pulses described in table 6.1. An animation for the case of ionisation by Pulse

2 in Table 6.2 (corresponding to frame (b) in Figure 6.1) is available in the supplied CD, la-

belled movie5.mp4 and movie6.mp4. We can clearly distinguish that the probability density

is splitin two parts: one localised near the origin which corresponds to the bound states of the
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molecule, and the other part, far from the origin, which corresponds to the ionised electron
wavepacket. The ejected electron density forms a spherical shell with a node along the p axis.

As we will see later, this node is due to the symmetry of the 2po,, final state of the molecule.

In order to extract scattering amplitudes with the Fourier method we must remove the
bound state contribution. Instead of projecting out all the bound eigenstates of the molecule,
we just apply a Gaussian mask to the wavefunction to remove these states. This procedure is

computationally efficient. The masking function is defined as

0 if0<r<mr
M(r)=<1—exp [—(%)2} ifro <r<mr (6.1)
1 ifr1 <7 < Tmax
with
o= \/%. 6.2)
The function is illustrated in Figure 6.2, where in our work we have used 79 = 10 a¢ and

r1 = 25 ap. In case of cylindrical coordinates the masking radius is r = /p? + 22.

Once the bound states of the molecule have been removed, we can Fourier transform the
resulting wavefunction. In Figure 6.3 we show the momentum distribution of the ejected
electrons for each of the pulses applied. For all the pulses considered, the intensity used
(I = 1x10'® W/cm?)is high enough to produce two-photon absorption. In Figure 6.4 we can
clearly see the first two ATI peaks, where the first peak is placed at w, — I, = 0.875 Hartrees,
and the second one is at 2wp — [, = 2.852 Hartrees. The third ATI peak, that must be at
2wp — I, = 4.827 Hartrees, is not present. Absorption of one photon produces a spherical
distribution centred at the origin with radius the momentum of the electron k. = v/2F,. The
ejected electron energy F is given by F. = wy, — I, where wr, is the photon energy and 1), is
the ionisation potential of the molecule. In particular, for fixed-nuclei H;‘ atR=2,1,=1.1
au. The bandwidth of frequencies of the ejected wavepacket is given by the bandwidth of the
incident pulse. For envelope pulses described by the sin? function we take the pulse band-
width as Aw = 47 /T}, being T}; the duration of the pulse.

As in Figure 6.3, we see a node along the £, axis. In diatomic molecules [ is not a good
quantum number, however it helps us to illustrate the nodal structure arising in the angular
distributions. The absorption of one photon changes the angular momenta of an ionised elec-
tron by one, i.e. Al = 1. The electronic ground state of the molecule, 1309, is essentially an s
state (I = 0), therefore after absorption of one photon, the ejected electron will be in a p state

(I = 1), resulting in a node at § = 0.
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Figure 6.1: Snapshots of the wavefunction at the end of the evolution for ionisation of H2+ by VUV

pulses. The laser polarisation is parallel to the internuclear axis. The laser pulses parameters are shown
in table 6.1, and corresponds to: (a) 9-cycle, A = 33.3 nm (photon energy w; = 1.37 Ha), (b) 13-cycle,
A = 23.05 nm (photon energy wy, = 1.98 Ha), (c) 17-cycle, \ = 17.63 nm (photon energy w; = 2.58

Ha) and (d) 21-cycle, A = 14.27 nm (photon energy wy, = 3.19 Ha). All laser pulses have a peak inten-
sity of 8.4 x 10'2 W/cm? and a total duration of | fs.
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Figure 6.2: Masking function used to remove the eigenstates from the wavefunction, defined in Eq. (6.1).
The function takes the value zero within the inner region and the value within the outer region. The
value of the function changes smoothly from zero at r to one at r; using a Gaussian function. In this
case, the limits of the inner and outer region are 7g = 10 ag and r; = 25 ayp.

In Figure 6.5 we show convergence of the PES obtained with the Fourier method depend-
ing on the time step used during the time evolution. The PES was extracted from the scatter-
ing amplitudes on the grid after propagation with time steps of At = 0.05 au, At = 0.03 au,
At = 0.02 au and At = 0.01 au used in this Figure. We can see that convergence is achieved
for At = 0.02. We have found that the time step used during the time evolution is critical for

obtaining converged results.

An important issue that must be addressed is that with the Fourier method we project the
scattering solutions onto field-free scattering states, i.e. plane waves. These scattering states
assumes the particle feels no potential. This is not the case in our calculations, where we extract
photoelectron spectra after the end of the pulse, when the Coulomb potential is still present.
However, using the exact scattering states of a particle in a long range potential will not allow
use of the Fourier transform to calculate the photoelectron spectra. In addition, analytical
scattering states with a Coulomb-like asymptotic behaviour, V() ~ 1/r, are only known for
a few simple cases. One possible solution to this problem would be to propagate the TDSE for
longer after the interaction with the laser field to let the wavepacket travel further to a region
where the contribution of the Coulomb potential is negligible enough, but this will increase the
computational cost, spoiling the efficiency of the method. Another, more pragmatic, solution

is to truncate the long range behaviour of the Coulomb potential at a certain radius
V(r) = f(r)V(r) ©.3)

where f(7) is smooth function that takes the form

1 >,
f(r) = ﬁ(r—b)z (r—2b)  ro<r<m (6.4)
0 r>Tp
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Figure 6.3: Momentum distribution of the ionised electrons for single-photon ionisation with laser po-
larisation parallel to the internuclear axis from the 150, state of the fixed-nuclei H;r, calculated with the
Fourier method. Pulse parameters for each calculation can be found in table 6.1, and corresponds to: (a)
9-cycle, A\ = 33.3 nm (photon energy w;, = 1.37 Ha), (b) I3-cycle, \ = 23.05 nm (photon energy

wr, = 1.98 Ha), (c) 17-cycle, \ = 17.63 nm (photon energy wy, = 2.58 Ha) and (d) 21-cycle, A\ = 14.27
nm (photon energy wr, = 3.19 Ha). All laser pulses have a peak intensity of 8.4 x 102 W/cm? and a total
duration of | fs. In each plot, a white semicircle with radius k. = , /k‘% + k2, the electron momentum, is

given.
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Figure 6.4: Photoelectron spectra in a logarithmic scale for photoionisation of HJ after interaction with
a I3 cycle laser pulse having wavelength A = 23.05 nm and peak intensity 1.0 x 10'3 W/cm?. The
PES was calculated with the Fourier method, using the grid parameters of set (I) and propagating the
wavefunction |0 cycles after the end of the pulse. The first two ATI peak are visible at 0.875 and 2.852
Hartrees respectively.
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Figure 6.5: Comparison between photoelectron spectra calculated with the Fourier method for pho-
toionisation of H;‘ using different time steps for the TDSE evolution. The molecule was exposed to a 13
cycle laser pulse having wavelength A = 23.05 nm and peak intensity 1.0 x 102 W/cm?.

This truncation function is controlled by a third order polynomial that has continuous deriva-

tives at r, and 7y,

In Figure 6.6 we illustrate both methods to circumvent the problem: we plot the PES ex-
tracted from wavepackets that have been propagated for different durations after the pulse
using the laser parameters of pulse 3 in table 6.1, where the Coulomb potential has not been
truncated. We also plot the PES resulting from calculations where the potential has been trun-
cated at different radius from the origin, » = 20 ag and » = 40 ag. In this case the TDSE
was propagated 10 cycles after the end of the pulse to obtain ionised wavepackets in the re-

gion where the Coulomb potential is zero. We see that the spectra calculated with the full

134



0.7

—— After 20 cycles

0.6 —— After 40 cycles
—— After 60 cycles
= 0.5 Truncated at 20 ag
@© Truncated at 40 ao
T 0.4
o
—
~— 0.3
wn
LU
o

©
N

0475 T 13 1.4 1.5 1.6 17 1.8
Ejected Electron Energy (Ha)

Figure 6.6: Photoelectron spectra for photoionisation of H; calculated using the Fourier method. The
solid lines correspond the PES were extracted after propagating 20, 40, 45 and 60 optical cycles after the
end of a 17 cycle laser pulse having wavelength A = 17.63 nm and peak intensity 1.0 x 10*® W/cm?, from
a calculation using the full Coulomb potential. The lines with dots and triangles correspond to the PES
were extracted from a calculation using the truncated Coulomb potential, where the TDSE was evolved
10 cycles after the end of the pulse. The Coulomb potential was truncated at radius 7 = 20 ag (dots) and
r = 40 ag (triangles). The grid parameters for all the calculations were those of set (l).

potential are displaced slightly to higher energies: the photoelectron energies obtained by
projection onto field-free scattering solutions are overestimated due to the presence of a long
range potential. As we propagate the TDSE for longer after the interaction with the laser field,
the wavepacket travels further to a region where the contribution of the Coulomb potential is
smaller. By contrast, there is an agreement in energy and bandwidth between both PES ex-
tracted from wavepackets that have been propagated in truncated potentials, at 7 = 20 ap and
r = 40 ag. Also, absorption of one photon of energy wy, = 2.58 Hartrees will give the ionised
electron a kinetic energy of I/, = 1.48 Hartrees. We observe in Figure 6.6 the peaks of both
PES obtained using the truncated potential are centred at this energy. Thus, we obtain the PES
located at the correct energies. Hence, for these laser parameters it is enough to truncate the
Coulomb potential at 7 = 20 ag. We also note that, as the TDSE is propagated using the full
potential for longer times after the pulse, the extracted PES converges with the PES calculated

using the truncated Coulomb potential.

6.1.2 Sampling point and t-SURFF results

We now consider the calculation of the PES using the sampling point and t-SURFF methods.
We remember that in both methods the PES can be calculated on the same surface during the
time evolution (the wavefunction passing through this surface is stored in what we call the
‘surface’ file), as was discussed in Section 5.4.2. Therefore the same calculation can be used for
obtaining results using both methods. Five sets of grid parameters are used in these calcula-
tion, as shown in table 6.2. In all cases the grids are smaller compared to the grid required for
the Fourier method. This is because for both surface methods absorbing boundaries are used

just beyond the measuring surface.
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Figure 6.7: Electron probability density |¥ (7}, = m/2)|? crossing surfaces with different surface radii

(r» = 20, 50, 80, 100 ap) after photo-ionisation of H;‘ by a I3 cycle laser having a wavelength A = 23 nm
and a peak intensity 1.0 x 10'3 W/ecm?2. Also shown is the electric field of the laser pulse.

For these calculations we must propagate the TDSE after the pulse ends to allow the ionised
wavepackets to completely pass through the surface. In Figure 6.7 we show the probability
density of the ejected electron wavepacket as it crosses surfaces with different radii. We can see
how the wavepacket takes longer to fully cross surfaces at larger distances from the molecule.
We point out that for the surface at 7, = 20 ao, the ionising wavepacket crosses the surface
during interaction with the laser pulse: this distorts the wavepacket as it passes through the
surface. The sampling point and the t-SURFF methods also suffer from a problem related with
the long range nature of the Coulomb potential, similar to the problem described previously
for the Fourier method. In the t-SURFF method, we neglect the Coulomb potential and as-
sume that the solutions at the surface are Volkov waves, i.e solutions of the free particle in the
presence of a laser field, whose analytical solutions are known. However, this is an approxi-

mation, since the Coulomb potential never vanishes due to this long range behaviour
V(r) -0 when r — oo, (6.5)

thus the Coulomb tail has an influence at 7. It is possible to solve the problem choosing a
large surface radius 74, so the influence of the potential will became negligible. However, the
easiest solution which doesn’t add additional computational effort is to truncate the Coulomb

potential, as in Section 6.1.1, using Eq. (6.4).

In Figure 6.8 we present the PES obtained after interaction with a 13-cycle laser pulse,

136



1.0

/‘ \ —— Truncation at 20 ag
s l&’ Truncation at 50 ag
. /,(/ === No truncation, r, =20 ag
,‘:g lll/ ——- No truncation, r, =50 ag
y
5 0.6 I//
y
g /
o 0.4 4
V'
o 4
/
0.2 I’l
/
/
4
0 —
95 0.6 0.7 0.8 0.9 1.0 1.1 1.2 13

Ejected Electron Energy (Ha)

Figure 6.8: Photoelectron spectra of H2+ exposed to a |3-cycle laser pulse, having a wavelength of A =
23.05 nm and a peak intensity of I = 10'3 W/cm?. The solid lines correspond to the PES obtained
using a truncated Coulomb potential, while the dashed lines correspond to the PES obtained using the full
potential. The grid parameters used in the calculations with a surface radius at 7, = 20 ag are those of
set (Ill), while calculations with 7, = 50 ag used those of set (IV). In the plot, the line corresponding to
truncation at 7, = 50 ag is completely superimposed to the line corresponding to truncation at 7, =
20 ap.

having a wavelength of A = 23.05 nm and a peak intensity of I = 10'® W/cm? (pulse 3 in
table 6.1), using the t-SURFF method in a calculation with truncated and full Coulomb poten-
tials. For each case, the PES is extracted at two surface radius, r, = 20 ag and r = 50 ag. The
grid parameters employed correspond to those of set (III) when using the surface radius at
ry = 20 ag and those of set (IV) for 1, = 50 ag. We observe that, although all the PES shows a
single peak centred at the same energy, when using the full potential the spectra is distorted in
shape, and the distortion is different for different radii. However, both PES calculated using

a truncated Coulomb potential agree in both amplitude and shape.
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Figure 6.9: Photoelectron spectra for photoionisation of HQL after interaction with a |3 cycle laser pulse
having wavelength A = 23.05 nm and peak intensity 1.0 x 102 W/cm?. Results were calculated in
THeREMIN by the three methods implemented in POpSiCLE: the Fourier method, the sampling point
method and the t-SURFF method. For the sampling point and t-SURFF method we made use of the grid
parameters of set (lll), while for the Fourier method calculation we used grid parameters of set (I). For
the surface calculations (sampling point and t-SURFF method), the surface radius was 1, = 20 ag. For the
Fourier method we propagated the wavefunction 10 cycles after the end of the pulse. For all the methods
the Coulomb potential is truncated at » = 20 ay.
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We present results for the photoelectron spectra calculated using the sampling point method
and the t-SURFF method in Figure 6.9, and compare these results with the results from the
Fourier methods. It is important to mention that the Coulomb potential is truncated at r, =
20 ag in Eq. (6.4), just at the surface radius for the sampling point and the t-SURFF method, for
extracting the PES with all the methods. These results are obtained using laser pulse number
2 in table 6.1, and for the sampling point and t-SURFF methods we used the grid parameters
of set (II), while for the Fourier method calculation we used the set (I) of grid parameters. For
the given laser pulse, absorption of one photon will ionise an electron with a kinetic energy of
E. = 0.87 Hartrees (k. = 1.32 au), therefore we should see a single peak at this energy. The
position of the peak for the three methods is identical. The position and the shape of the peak
produced with the sampling point method is in good agreement with the peak produced with
the t-SURFF and the Fourier method. However, as expected, the spectral density is not correct
with this method. The only methods that reproduces correctly the PES (magnitude, position
and shape of the peak) are the Fourier and the t-SURFF methods.

In Figure 6.10 the PES calculated using the sampling point method using different propa-
gation times after the end of the pulse are shown. The sampling point method involves Fourier
transforming the wavefunction on the surface values over time. Therefore, in order to gain res-
olution we can just add more points in the spectra by padding with zeros the end of the time

signal, as detailed in Section 5.4.4.

25 L= —— No padding at the end
- Adding 10 fs padding
%]

-t
20
=1
=
§15 \
=
: \
s 1.0
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Wos
0.5 0.6 0.7 0.8 0.9 1.0 11 1.2 1.3

Ejected Electron Energy (Ha)

Figure 6.10: PES calculated with the sampling point method, using set of grid parameters number (lIl)
with a surface radius 7, = 20 a, for different propagation times after the pulse. The blue line represents
the PES calculated after propagation for 1.54 fs (20 laser cycles) more after the pulse, whereas the green
line represents the PES calculated after propagation of, in addition to the 20 cycles, |10 fs more after the
pulse. (11,54 fs added in total after the pulse). The last 10 fs were added padding with zeros at the end of
the surface values over time.

We now compare how the photoelectron spectrum depends on the choice of surface ra-

dius for the sampling point and the t-SURFF methods. In the upper panel of Figure 6.11 we
see that for the sampling point method the amplitude of the PES depends on the surface ra-
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dius, whereas in the lower panel we can see that for the t-SURFF method the amplitude is
independent on the surface radius chosen. The sampling point method does not give the cor-
rect amplitude of the spectra because it does not take into account the distance at which the
surface values have been recorded. However, in order to reproduce the correct position in
energies and the correct shape at radius 71 and r3 using the sampling point method we must
scale the PES obtained at 75 by (r2/r1)?, which is the ratio of the volume elements between
the two surfaces. For instance, in Figure 6.11, if we scale the PES for r;, = 50 ag by a factor
(50/20)% = 6.25, we obtain agreement between the spectra at surface values 7, = 50 ag and
ry = 20 ag. Again, if we scale the PES for r;, = 80 ag by a factor (80/20)% = 16 we observe

agreement between the spectra obtained at different surface radii.
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(a) Calculated with the sampling point method
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(b) Calculated with the t-SURFF method

Figure 6.1 1: Photo-electron spectra of single-photon ionisation of H2+ after interaction with pulse 2

of table 6.1. (a): PES calculated with the sampling point method. (b): PES calculated with the t-SURFF
method. In both plots the PES have been calculated placing the surface at radius r, = 20, 50, 80 ag, and
the grid parameters used were those of sets (lll), (IV) and (V) respectively. In (a), the results for r, =
50 a, and r, = 80 ag have been scaled by a factor given in the legend.

Figure 6.12 shows the angularly resolved photo-electron spectra obtained using the three

methods. The probability densities are a function of the electron energy E. = k?/2 and the
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polar angle 6. For the spectra obtained through the Fourier method, we transform the ampli-
tudes obtained originally in cylindrical coordinates to spherical coordinates by interpolation
onto a spherical grid. This operation is carried out using one of the interpolation routines de-
scribed in Section 5.4.2. We see excellent agreement between the three approaches. The spectra
corresponding to the sampling point result has been scaled by a factor of 2 x 10% in order to
compare with the other approaches. We again observe the node at § = 0 which has already

been discussed.

Most previous computational studies of photoionisation of H;r were carried out using
time-dependent perturbation theory [118, 119, 121, 281] or the Floquet method [126, 131, 132].
We will use an approach that will allow us to calculate the total and differential cross sections
from the scattering amplitudes obtained from solving the TDSE. This approach was intro-
duced by Palacios et al. [282] for atomic photoionisation of one and two-electron atoms, and
later applied to photoionisation of Hy [121]. The benefit of this approach is that it goes be-
yond perturbation theory and thus allows us to describe the situation when high intensity,
short duration laser pulses are used to excite the system. A brief description of the approach

is given in Appendix C.

In order to compare with results obtained using TDPT, we choose our set of parameters in
the regime of long pulses and moderate intensities, because in that regime TDPT can still be
used to extract cross-sections. We solve the TDSE for H;‘ exposed to four different laser pulses,
each with increasing photon energy, whose polarisation axis is collinear with the internuclear
axis of the molecule. We keep the pulse duration constant, 7' = 1 fs, for each of the pulses
and use the same intensity, I = 10'3W/cm?. The different photon energies employed and
their corresponding parameters can be found in table 6.1. We fixed the internuclear distance
to R = 2 for all the calculations, and consider transitions from the 1s0, ground state. The
photoelectron spectra and the total photoionisation cross sections are shown in Figure 6.13.
The lower panel shows the radial energy distribution of the ejected electron corresponding
to the four laser pulses detailed in table 6.1, while the upper frame presents the correspond-
ing cross section calculated from the energy distributions. We compare our results with those
of Hou et al [123]; these results agree with the results of Bates and Opik [117], Plummer and
McCann [126] and Rescgino and McCurdy [119]. We see very good agreement between our
results and the LOPT results.

Finally we consider how the performance of the calculation of the TDSE depends on the
choice of the method for calculating the photoelectron spectra. The resources required for the
time evolution of the TDSE for the Fourier method and the surface flux method are shown
in table 6.3. The set of data corresponding to Set (II) corresponds to a grid that has the same
number of points per core as set (I). We can see that the computation time per time step is

smaller for the surface flux method. Even if there is an extra overhead in carrying out the
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Figure 6.12: Polar plots showing the angularly resolved photoelectron distributions of fixed-nuclei
H;‘ after interaction with a 13 cycle laser pulse having wavelength A = 23.05 nm and peak intensity
1.0 x 10'3 W/em?. Results were calculated in 2D using THeREMIN using: (a) the Fourier method, (b) the

sampling point method and (c) the t-SURFF method. The sampling point results have been scaled by a fac-
tor of 2 x 103,

interpolation of the wavefunction onto the spherical surface, the overhead caused by the global
communications is larger due to the larger grid used in the Fourier method. From the table we
see that the total compute resource used for the Fourier method was 35 core hours, compared
to the 3.8 hours for the surface flux method. Hence, the surface flux method requires 89 % less

resource than the Fourier method. With the grid used in Set (II) we keep the same number of
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Figure 6.13: Total cross section for single-photon ionisation of H;r from the ¥, ground state in the
presence of four linearly polarised laser pulses. All the pulses have a total duration of | fs, and an inten-
sity of I = 103 W/cm?. In the upper frame we compare with the results of Hou [123], obtained with
LOPT.

Set Method No.cores Calculationtime Time per time step Total resource

(minutes) (seconds) (core hours)
I Fourier 36 58 0.97 35
II  Surface 6 38 0.62 3.8
III  Surface 6 28 0.46 2.8

Table 6.3: Timings for the calculation of the TDSE using THeREMIN (2D) for the Fourier method (upper
part) and for the surface methods (middle and lower part). The grid parameters of each evolution are
given in table 6.2.

grid points per core, although we can even reduce the size of the grid to have the same extent
in both p and z directions, 45 Bohr. In set (III) the total resource spent was only of 2.8 core

hours, using 92 % less resource than the Fourier method to produce the same spectra.

6.2 Comparison of PES approaches in 3D

We now detail our convergence tests for the calculation of PES in 3D using our RHYthMIC
code, which solves the TDSE in Cartesian coordinates. In this case the Fourier method and the
surface flux methods will be compared. While this code can consider arbitrary orientations
between the laser and the molecule, we will compare our results to these calculated in Sec-
tion 6.1. We consider the same pulse parameters as in the 2D case, corresponding to the pulse
2 in table 6.1.

In order to reduce the computational size of these calculations we have tested a larger grid

spacing in Az = Ay = 0.4 Bohr, keeping the same the grid spacing of the coordinate in
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State Fine 1 Coarse 1 Fine 2 Coarse 2

—1.10444 —1.10982 —1.10273 —1.10207
—0.66937 —0.67389 —0.66764 —0.66655
—0.42867 —0.42854 —0.42867 —0.42856
—0.42867 —0.42854 —0.42867 —0.42856
—0.36106 —0.36228 —0.36080 —0.36087

U = W N =

Table 6.4: Comparison of five lowest eigenvalues of the fixed-nuclei HJ, using different grid spacings
calculated in 3D using the RHYthMIC code. The grid spacings and finite-difference (FD) rules are: Fine I:
We use a fine grid with grid spacings Ax = Ay = Az = 0.2 and a 5-point FD rule; Fine 2: We use
again a fine grid of grid spacings Az = Ay = Az = 0.2 and a 9-point FD rule; Coarse 1: We use grid
spacings Ax = Ay = 0.4 and Az = 0.2, and a 5-point FD rule; Coarse 2: Again we use grid spacings
Az = Ay = 0.4 and Az = 0.2, and a 9-point FD rule.

which lies the internuclear axis, Az = 0.2. In combination with these grid spacings we also
consider a 9-point rule finite difference (FD) operator in each coordinate to maintain accuracy
at a similar level compared to a grid with smaller grid spacing. To test the accuracy of these
grid spacings coarse grid, we check the five lowest eigenvalues for a fixed nuclei calculation

of Hj at R = 2 a using different combinations of grid spacings and finite difference rules.

The eigenvalues calculated are given in table 6.4. We can see that the values obtained using

a 9-point rule have no difference up to the third decimal figure.

The grid parameters employed in the 3D test can be found in table 6.5:

I The parameters in set (I) were employed to calculate the spectra with the Fourier method.
The grid spacing employed are those corresponding of grids coarse 1 and coarse 2 (see

caption in Figure 6.4).

I The parameters in set (II) are used for the surface methods (sampling point and t-SURFF
methods). In order to compare the efficiency between the Fourier method and the sur-
face methods, the number of grid points and the grid spacing are similar to those used
in set (I). Since we are only interested in the values of the wavefunction and its first
derivative at the surface, and for this calculation the surface radius is r, = 20 ag, a grid

extent smaller than the extent used in set (I) is used.

III The set (IIT) were also used for the surface methods, but this time the extent and the
number of grid points were reduced in order to maximise the efficiency of the calcula-

tion.

IV Set (IV) has the small grid spacings used in fine 1 and fine 2 to calculate the five lowest

eigenenergies of the fixed-nuclei Hj shown in table 6.4.

Asin the 2D case, the grid size for the Fourier method is larger than in the surface methods

in order to contain the full wavefunction at the end of the calculation. The time step used for
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Set Method Points per core  No. cores  Grid spacing Mesh extent

x Yy z r Yy =z x Y z Tmax Ymax Zmax

7 13 04 04 02 4992 4£99.2 +974
04 04 02 =+424 $424 =£449
04 04 02 =+40.0 440.0 =412
02 02 02 =+404 $404 £412

I Fourier 71 71 75
II  Surface 71 71 75
Il  Surface 67 67 59
IV~ Surface 81 81 59

U1 W W 3
g1 W W
NN S

Table 6.5: Grid parameters employed for calculating the PES in 3D using RHYthMIC. Four calculations
were considered. In set () the Fourier method is used, which requires a large grid extent. In sets (ll), (lll)
and (IV) the surface methods (sampling point and t-SURFF methods) were used, in which during the time
evolution we record a single surface file. The surface radius employed in these sets is 7, = 20 ag. The
mesh extent for each set is given in atomic units.

all the calculations is At = 0.02 au, again the same as in the previous 2D tests.

Similar to Figure 6.1, we can calculate probability density of the H; wavefunction at the
end of the interaction. This density is presented in Figure 6.14. Since we have calculated the
wavefunction in 3D we show 2D plots of the density. For a given instant of time, ¢, the 2D

probability density is obtained integrating over one of the coordinates

Pla,y,1) = / dz 0 (@, g, 2 ) (@, ), 2, 8) (6.6)

where, for example, in Eq. (6.6) we obtain the probability density in the x — y plane integrat-
ing over the z coordinate. As in Figure 6.1, we observe a central node perpendicular to the

internuclear axis at z = 0, exactly as we see in the 2D case in Figure 6.1.

In order to obtain the spectral amplitudes using the Fourier method, we apply the mask
in Eq. (6.1). In this case, the mask radius, r, is defined as r = 2 + Y2 + 22. We use a mask
with parameters 79 = 7 ag and r; = 15 ag. After applying the mask, the resulting probability
density of the momentum distribution is calculated. Similar to Eq. (6.6) in momentum space,
the 2D density are obtained from the 3D momentum probability density integrating over one

of the coordinates
P(ky, ky,t) = /dkz V" (kg, ky, ko, ) 0(ky, ky, k2, t) 6.7)

where, asin Eq. 6.6, for example we obtain the 2D momentum probability density in the £, —k,
plane integrating over the k. coordinate. 2D representations of these are presented in Fig-
ure 6.15.

We compare again the PES obtained using the three methods for the coarse grid with pa-
rameters labelled III in table 6.5. As we can see in Figure 6.16, the position and shape of the
peak obtained with the t-SURFF in good agreement with the sampling point method. The
spectra produced with the Fourier method is shifted to higher energies due to the long range

potential, as it was explained in the previous subsection, because in this case the Coulomb
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Figure 6.14: Snapshots of the wavefunction at the end of simulation after photoionisation by a |3-cycle
laser pulse of A = 23 nm of wavelength and an intensity of I = 10'3 W/cm?2. The three frames corre-
spond to (a) P(x, z) (b) P(x,y) and (c) P(y, z) which are been obtained by integrating the 3D density
over one coordinate.

potential has not been truncated.

In the following we want to compare the PES obtained using a fine and a coarse grid, cor-
responding to the grid parameters of sets (III) and (IV) of table 6.5. For clarity, in Figure 6.17
we only compare results obtained with the surface method. In both set we have used a 5-
point and 9-point rule FD derivative operators. The last set plotted in the figure corresponds
to the result in 2D using cylindrical coordinates and the code THeREMIN, already shown in Sec-
tion 6.1. We use the 2D results as a reference for the results in 3D, although we do not show

the convergence results here.

Using the results in 2D as a reference, we can clearly see that the closest curve to the 2D PES
corresponds to set (IV), which have a grid spacing of Az = Ay = Az = 0.2 Bohr. However,
we can see that the PES calculated using set (IV) is not fully converged. We think that for this
reason the PES corresponding to the same grid parameters but using a higher order FD rule,

set (IV) with a 9-point rule, does still not converge to the 2D results and actually differs more
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Figure 6.15: 2D photo-electron momentum distributions after ionisation of HJ from the 1so, ground
state after interaction with a |3-cycle laser pulse of A\ = 23 nm of wavelength and I = 10'3 W/cm?,
obtained with the Fourier method using set (I). The frames correspond to (a) P(kg, k.) (b) P(ks, ky)
and (c) P(ky, k) which have been obtained by integrating over one coordinate.
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Figure 6.16: Photoelectron spectra for photoionisation of H;r after interaction with a |3 cycle laser
pulse having wavelength A = 23.05 nm and peak intensity 1.0 x 103 W/cm?. Results were calculated in
RHYthMIC (3D) by the three methods implemented in POpSiCLE: the Fourier method, the sampling point
method and the t-SURFF method
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Figure 6.17: Photoelectron spectra for photoionisation of H;r after interaction with a |3 cycle laser
pulse having wavelength A\ = 23.05 nm and peak intensity 1.0 x 10'3 W/cm?. Results were calculated
using the t-SURFF method in 3D with RHYthMIC, except for the line corresponding to set lll, which was
calculated in 2D with THeREMIN. FD denotes the order of the finite-difference rule employed.

Method No. cores Calculation time Time per time step Total resource
(minutes) (seconds) (core hours)
Fourier 637 208 3.75 2208.27
Surface (I) 54 279 4.60 251.10
Surface (II) 63 197 3.25 206.85
Surface (III) 175 298 4.91 869.17

Table 6.6: Timings for the time-evolution of the TDSE using RHYthMIC (3D) for the Fourier method
(upper part) and for the surface methods (middle and lower part). The grid parameters of each evolution
are given in table 6.5.

than using a 5-point FD rule. As expected, the bigger difference with the PES of reference are
the two spectra calculated with the coarse grid, set (III). With this set using a 5-point FD rule
the PES of reference is overestimated, while using a 9-point FD rule is underestimated. We
found that using a higher order FD rule it does not reduce the level of error in the calculation
and actually underestimates our PES of reference. In this study we have not included a con-

verged PES due to the size of the calculation using a grid spacing of A = 0.1.

Finally, the performance of the different methods in 3D are shown in table 6.6. We can
see that the computational cost of the Fourier method in 3D has increased dramatically with
respect to the 2D case, from 35 core hours in 2D to 2208.27 core hours in 3D, an increase of re-
sources of 6308 %, even though we have employed a larger grid spacing. For that reason more

demanding and intensive calculations using the Fourier method are practically infeasible.

Regarding the Surface method, if we consider the same grid parameters as in the Fourier
case, which corresponds to the grid Surface (I), the total resources decrease by one order of
magnitude, 251.1 core hours, which corresponds to 88.62% less resource. If we use more points

per processor (reducing the local computational workload), which corresponds to Surface (II),

147



Method Points per core No. cores Grid spacing Surface radius ~ Mesh extent

p z p z p z T'p Pmax Zmax

Surface 75 177 4 9 0.1 0.2 140 1643 +159.2

Table 6.7: Grid parameters employed for calculating the photoelectron spectra of H;‘ after interacting

with an intense, infrared 10-cycle laser pulse having A = 780 nm and an intensity of I = 2 x 10'* W/cm?2.

The PES is calculated in 2D using THeREMIN where we employ the t-SURFF method. The surface radius
and the mesh extent for each set is given in atomic units.

we see an improvement in the computational cost, with the resources being 90.63% less than
the Fourier method. If we finally consider the grid parameters in Surface (III), which uses a
grid spacing of 0= = dy = dz = 0.2 Bohr, comparable to the grid used in the 2D case, the total
resources spent are 869,17 core hours. Even in this case, in which we employ a finer mesh, the

computational gain is about 60.64% compared to the Fourier method.

6.3 Photoelectron spectra in strong IR fields

In this section we calculate the photoelectron spectra of fixed-nuclei H;r ionised by intense,
infrared laser pulses. For these calculations we will only use the t-SURFF method, as it is the
most accurate and computationally least expensive of the three methods considered. Con-
sider Hy interacting with a 10 cycle (26 fs of duration) linearly polarised laser pulse having
wavelength A = 780 nm and a peak intensity of I = 2 x 10* W/cm?. We consider the
molecule aligned along the laser polarisation direction. These laser parameters are the same
used in Section 4.2 when studying HHG. We calculate the PES at several fixed separations of
the molecule ranging from R = 2 ag to R = 10 ao, starting from the 1s0, ground state of
the molecule. The grid parameters used for these calculations can be found in table 6.7. In
these calculations we place the start of the Coulomb truncation region at r, = 130 ag and the
surface radius at 7, = 140 ap. We interpolate onto a spherical surface with 101 #-grid points.
For integrating the surface flux Eq. 5.50 we include up to lmax = 25 angular momenta in order
to get converged results. We use an energy grid with a maximum energy of Fn.x = 8 Ha,
with an energy grid spacing of AE = 0.005 Ha. To allow low energy electrons to cross the
surface we propagate for 5 cycles after the end of the pulse. A time step of At = 0.05 au is

used for the time evolution.

The results are presented in Figure 6.18, where for all calculations (presented in Figure 6.18a
and for each internuclear distance separately in Figures 6.19, 6.20 and 6.21) we see a series
of peaks at multiples of the laser frequency, a clear signature of above threshold ionisation
(ATT) [66]. As we described in Section 1.2, the spectra present the characteristic low energy
region, up to the cut-off at an energy 2U,, due to direct electrons, followed by a plateau region

which extends up to an energy of 10U, due to rescattered electrons. We also observe that, at
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Figure 6.18: (2): Photoelectron spectra of photoionisation of fixed-nuclei H;r with different internuclear

distances, from R = 2 agp to R = 10 ay, after interaction with a 10 cycle laser pulse having a wavelength

of A = 780 nm and a peak intensity of I = 2 x 10 W/cm?. In (b), we have sorted out vertically the PES
for each internuclear distance in order to compare between them.
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Figure 6.19: Photoelectron spectra for photoionisation of H;’ after interaction with a 10-cycle laser
pulse having a wavelength of A = 780 nm and a peak intensity of I = 2 x 10'* W/cm?. On this figure
we show the PES for internuclear distances of R = 2 ag, R = 3 ag and R = 4 ag. The solid black lines
correspond to the 2U), and 10U, energy limits.
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Figure 6.20: Photoelectron spectra for photoionisation of H;’ after interaction with a 10-cycle laser
pulse having a wavelength of A = 780 nm and a peak intensity of I = 2 x 10'* W/cm?. On this figure
we show the PES for internuclear distances of R = 5 ag, R = 6 ag and R = 7 ag. The solid black lines
correspond to the 2U), and 10U, energy limits.
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Figure 6.21: Photoelectron spectra for photoionisation of H;’ after interaction with a 10 cycle laser
pulse having a wavelength of A = 780 nm and a peak intensity of I = 2 x 10'* W/cm?. On this figure
we show the PES for internuclear distances of R = 8 ag, R = 9 ag and R = 10 ag. The solid black lines
correspond to the 2U), and 10U, energy limits.
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R = 2 ag (Figure 6.19a) and R = 3 ao (Figure 6.19b) the amplitude of the PES is respectively 6
and 2 orders of magnitude lower than for the rest of internuclear distances. These lower PES
signals at R = 2 ag and R = 3 ag are due to high ionisation potentials at these internuclear
distances which results in lower ionisation yields. Since the spectra for the other R values

overlap, we spread these out vertically in Figure 6.18b.

In Figures 6.22, 6.23 and 6.24 we present angle-resolved photoelectron spectra for the dif-
ferent internuclear distances. The left hand plots present the full spectra up to an energy of
130 eV, whereas the right hand plots present the spectra for energies up to 40 eV. The white
circles indicate the 2U,, and 10U, cut-off’s, which for these pulse characteristics are at ener-
gies 22.8 eV and 114.2 eV respectively. Note that different clamp values are used in each plot.
In the low-energy region (up to 2U,) we observe a fan-like structure of radial stripes which
are coming out from zero energy, and it clearly changes with the internuclear distance. This
structure is related with the angular momentum of the final state and the minimum number of
photons required to ionise the molecule [283, 284], i.e. changing the ionisation potential will
change the number of photons required for ionisation. Therefore, as we increase the internu-
clear distance the ionisation potential /, p is lower, and more excess photons are absorbed from
the field. Thus, when more excess photons are absorbed more radial stripes will be present in

the fan-like structure.

Within the region up to 10U,,, we can also observe rings whose centres are shifted along the
polarisation axis (for instance, see Figure 6.23b). Those structures are due to rescattering [285],
and their intensities are given by the electron-ion scattering differential cross-section [286]. We
can isolate a single rescattering event by exposing the molecule to a 3-cycle (7.8 fs duration ap-
proximately) laser pulse with the same photon energy and intensity. The resulting PES is then
shown in Figure 6.25 for R = 2 ay. It is known that for few-cycle pulses the carrier envelope
phase (CEP) plays a crucial role in ionisation [287]. In the left hand side we use a CEP = 0,
which results in no rescattering, whereas in the right hand side we use a CEP = —7 /2, which

in this case results in only one rescattering event at the third cycle of the pulse.

One of the main characteristics of photoelectron spectra in diatomic molecules is the ex-
pected two-centre interference pattern. Two-centre interference phenomena have been stud-
ied in the context of high-harmonic generation diatomic molecules [146, 147, 288, 289], above-
threshold ionisation [290, 291], and molecular imaging [292]. We point out that the two-centre
interference minima in strong-field photoemission naturally arises within the SFA framework,
as was firstly discussed by Becker and Faisal [293] using intense-field many-body S-matrix the-
ory (IMST) for calculating ionisation rates for homonuclear molecules (N2 and O3). Later Het-
zheim et al. [294] used standard SFA theory for studying interference effects in above-threshold
ionisation (ATT) in diatomic molecules. Also, the Coulomb-Volkov distorted wave approxima-

tion has been employed by Ciappina et al. [295] for studying near-threshold ionisation. More
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Figure 6.22: Angularly resolved photoelectron spectra for photoionisation of H;‘ after interaction with a
10 cycle laser pulse having a wavelength of A = 780 nm and a peak intensity of I = 2 x 10'* W/cm?. On
this figure we show PAD for internuclear distances of R = 2 ag, R = 3 ag and R = 4 ag. The left hand
side shows a general view of the PAD up to 10U,,, whereas in the right panels we show a zoom in up to
2U), of the left hand side.
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Figure 6.23: The same as in Figure 6.22. On this figure we show PAD for internuclear distances of R =
5 ag, R = 6 ap and R = 7 ag Bohr. The left hand side shows a general view of the PAD up to 10U,
whereas in the right panels we show a zoom in up to 2U,, of the left hand side.
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Figure 6.24: The same as in Figure 6.22 and Figure 6.23. On this figure we show PAD for internuclear
distances of R = 8 ag, R = 9 ag and R = 10 ag Bohr. The left hand side shows a region of the PAD up
to 130 eV, whereas in the right panels we show a zoom in of the left hand side panels within a region of
40 eV.
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Figure 6.25: Angularly resolved PES for photoionisation of fixed-nuclei H2+ at R = 2 ag, exposed to
3-cycle 780 nm laser pulse at I = 2 x 10'* W/cm?. The lower panel on the left hand side corresponds to
a pulse with CEP = 0, whereas the lower panel on the right hand side corresponds to a pulse with CEP
= —mx /2. In the upper panels the corresponding temporal profile of the electric field are shown.

recently Sudrez et al. [296] have used a generalised SFA theory for calculating ATI spectra of
diatomic molecules. The ionisation rate for a homonuclear diatomic molecule in a linearly po-

larised field with N, equivalent electrons is [293]

> cos? (ky - R/2) for bondin
=N ) /dea;Y(k:N) x 4 (e - R/2) & (6.8)
N=N, sin? (ky - R/2) for antibonding

where k  is the electron momentum after absorption of N photons, oY (k) is the N-photon
cross section of the atomic species, and R is the internuclear axis vector. Thus Eq. 6.8 can
be understood as an atomic ionisation rate with a trigonometric term that takes into account
the interference due to electron emission from one of the two nuclei. In case of ionisation of
electrons from molecular orbitals with bonding symmetry we have a sine term. For electrons

with low momenta (small values of k) this gives a destructive interference since
sin (ky - R/2) < 1. (6.9)

Alternatively, for ionisation from molecular orbitals with anti-bonding symmetry we have a
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cosine term. Again, for low momenta electrons this gives a constructive interference since
cos(ky - R/2) =~ 1. (6.10)
By considering Eq.6.8 for bounding symmetry, the interference minima should appear when
k-R=(2n+1)m forn=0,1,2,... (6.11)

where k is the electron momentum and R the internuclear axis. In spherical coordinates, we

can write Eq. (6.11) as
kRcosf = (2n+1)m forn=0,1,2,... (6.12)

where 0 is the angle between the molecular axis and the electron momentum vector. If we only

consider electrons travelling along the z = 0 axis, the formula reduces to
ke-R=(2n+1)7 forn=0,1,2,... (6.13)

Thus, the minima should appear at energies

on + 1)%72

E:( P forn=0,1,2,... (6.14)

In order to see the angular dependence of Eq. (6.13), the two-centre interference present
in the angle-resolved PES of H; shown in Figure 6.26, where we only consider the molecule
with their internuclear distance fixed to R = 6 ag. We exposed again the molecule to a 10-cycle
laser pulse as before, having a wavelength of A = 780 nm and a peak intensity of I = 2 x 104
W /cm?. The grid parameters used in this calculation are the same are those given in table 6.7.
The first three orders of the expected energy minima at this internuclear distance for electrons
emitted at different directions are given in table 6.8. The white lines drawn over the plot in
Figure 6.26 represent those energies in the case that the electron is emitted along the z = 0
axis. In this case, we see that the minima for n = 0 is not appreciable from the density plot.
For n = 1, the minima is considerably shifted to higher energies with respect to the expected
one, about 30 eV. Regarding the minima for n = 2, the minima is still shifted, but the shift in

this case, around 11 eV, is smaller compared to the n = 1 case.

n 0=0° 6=30.30° 60=259.24° 0 =90°

0 3.73 5.00 14.26 -
1 3357 45.03 128.38 -
2 9325 125.09 356.63 -

Table 6.8: Energies for the two-centre interference minima calculated from Eq. (6.14) for different elec-
trons emission directions. 6 corresponds to angle between the molecular axis and the electron momen-
tum vector. The molecule has a fixed internuclear of R = 6 Bohr.
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Figure 6.26: Angularly resolved PES for photoionisation of fixed-nuclei H2+ at R = 6 ap, exposed to 10-
cycle 780 nm laser pulse at I = 2 x 10'* W/cm?. The horizontal white lines represent the expected two-
centre interference energy minima predicted by Eq. (6.14) for the case of § = 0°, where the electrons
are ejected along the molecular axis.

The origin of the disagreement between the predicted and the calculated interference en-
ergy minima is explained since Eq. 6.8 only considers direct ionisation of electrons, and does
not take into account ionisation due to rescattering electrons. Indeed, the PES posses contri-
butions coming from electrons that are ionised from one ion and rescatters off the other. These
contributions are not proportional to the cosine term, therefore the interference structure is

mostly suppressed in the plateau region [294].

However, in the low-energy region the interference is clearly appreciable, since this region
is due to direct electrons drifted by the electric field after tunnel ionisation from the molecule.
In Figure 6.27 and 6.28 we extract from Figure 6.26 the PES for four different directions of
electron emission: § = 0°, § = 30.30°, § = 59.24° and 6 = 90°, where the angles correspond
to a particular grid point of the # coordinate. It is visible that the energy minimum forn = 0
for 0 = 0°, 0 = 30.30° and 6 = 59.24° coincides with the expected minimum, a feature
that it is hard to see in the density colour plots in Figure 6.26. In case of electrons ejected
perpendicularly to the molecular axis, Eq. (6.14) does not predict any minimum energy, as we

can see the Figure 6.28.

6.4 Summary

In this chapter, Sections 6.1 and 6.2 have been dedicated to the discussion of the performance
of the different methods to calculate the photoelectron spectrum implemented in the library
POpSiCLE. For these tests, we have exposed the hydrogen molecular ion to a ultra short VUV

laser pulse of approximately 1 fs of duration. We have kept the peak laser intensity low enough
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Figure 6.27: PES for a particular electron emission of H;r after interaction with a |0-cycle laser pulse
having a wavelength of A = 780 nm, and a peak intensity of I = 2 x 10'* W/cm?. The plots corresponds
to: (a) 8 = 0°, (b) 8 = 30.30°, (c) & = 59.20°, where @ is the angle of electron emission with respect
to the molecular axis. The solid lines indicate the 2U,, and the 10U, thresholds respectively. The energy
minima for each emission angle are represented by dashed lines, and can be found in table 6.8.
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Figure 6.28: PES for a particular electron emission of HJ after interaction with a 10-cycle laser pulse
having a wavelength of A = 780 nm, and a peak intensity of I = 2 x 10'* W/cm?. The plots corresponds
to # = 90°, where @ is the angle of electron emission with respect to the molecular axis. The solid lines
indicate the 2U), and the 10U, thresholds respectively. The energy minima for this emission angle are
represented by dashed lines, and can be found in table 6.8.

so we can compare our results with previous results available in the literature. In these calcula-
tions we have considered the molecule with their nuclei frozen, with an internuclear distance

of R = 2 ay, starting from the 1s0, ground state.

Firstly, in Section 6.1, we have presented results obtained in 2D using the THeREMIN code
to propagate the TDSE. Projections of the probability density at the end of the time evolution
have been shown. Using the Fourier method, scattering amplitudes were extracted from the
wavefunction at the end of the calculation, where a masking function was used to remove the
bound states of the molecule. Projections of the probability density in coordinate and momen-
tum space were presented. In order to test the accuracy of the Fourier method, we have shown
the dependence of the PES on the time step used for the time evolution. Also, the influence
of the Coulomb potential in the resulting PES have been studied. As it was explained in the
previous chapter, the Fourier method assumes that the scattering amplitudes can be obtained
by projecting onto field-free scattering states, i.e. plane waves. Hence, the long range potential
introduces an overestimation of the energies in the spectrum. For longer propagation times
after the end of the pulse this overestimation is progressively reduced, because the ionised
wavepacket is able to travel to regions where the Coulomb potential is negligible. However,
truncating the Coulomb potential at a certain radius allows the PES to converge to the correct
energies. For the surface methods, the sampling point and the t-SURFF methods, the PES ob-
tained from wavefunction values at different surface radius were presented. It was shown that
the sampling point method is not able to obtain the correct scattering amplitudes, although if
the spectrum is multiplied by a factor that corresponds to the volume element in spherical co-
ordinates, the correct amplitudes are reproduced. We found very good agreement between the
different methods when the truncated Coulomb potential is introduced. After comparing the
angularly resolved photoelectron spectra calculated using the three methods, the section ends

by comparing the total cross sections obtained using the t-SURFF method with a total cross
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sections calculated with low order perturbation theory, where good agreement was found.
The computational cost of the PES calculation using the surface methods (sampling point and
t-SURFF methods) is greatly reduced compared with the Fourier method, because the use of
smaller grid sizes allow the reduction of core hours required from 89% to 92%, depending on

the grid parameters.

Secondly, in Section 6.2, we have presented results obtained in 3D using the RHYthMIC
code, which implements the solution of the TDSE in Cartesian coordinates. In order to reduce
the computational cost of these three dimensional calculations, we have study the accuracy
of the PES employing coarse grid spacings. We found agreement between the PES calculated
with the sampling point and the t-SURFF methods, although we see that the PES obtained
with the Fourier method is overestimated. We also found that increasing the order of the
finite-difference derivative operators while keeping a coarse grid spacing does not reduce the
level of error and even underestimates the PES. The computational cost of calculating the PES
using the Fourier method in 3D is considerable larger than the 2D case, with an increase of
resources of 6308%. Employing the surface methods can reduce from 60.64% to 90.63% the

total core hours required for calculating the PES, depending of the grid parameters used.

Lastly, we have presented results of photoelectron spectrum for Hy ionised by an IR laser
pulse. In our calculations we have calculated the PES at several internuclear distances, ranging
from R = 2 ag to R = 10 ag. For all the internuclear distances considered, we can see the
main features that corresponds to above-threshold ionisation in the resulting PES. We also see
that the PES amplitude is significantly lower for R = 2 ag and R = 3 ao, 6 and 2 orders of
magnitude approximately, than the rest of internuclear distances. The difference in amplitude
is due to the higher ionisation potential for smaller internuclear distances. In addition, we
present angularly resolved PES for the range of internuclear distances considered, where we
can observe a fan-like structure within the low-energy region (up to 2U,), which changes with
the internuclear distance. This structure is due to the angular momentum of the final state, and
it is related with the ionisation potential, which changes with the internuclear distance of the
molecule. Also, we observe a series of rings centred along the polarisation axis. Those rings
are due to rescattering. In order to study the origin of these rings, we have isolated a single
rescattering event by exposing the molecule to a 3-cycle laser pulse. For a CEP=0, almost no
rescattering occurs, while for CEP=—m/2 we obtain one rescattering event, which yields to a
clean ring structure centred at only one of the ions. Two-centre interference is discuss in the
angular resolved PES. We found that the interference minima are shifted, or even suppressed,
in the plateau region, while they are present in the low-energy region. This suppression of the
interference is due to several contributions to the spectra, coming from electrons that do not

rescatter from the same ion that they were ejected from.
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Conclusions and future work

Conclusions

In this thesis we have studied the hydrogen molecular ion irradiated by intense, ultra short
laser pulses, including both electron and ionic degrees of freedom quantum mechanically. In
particular we have focused on the role of the vibrational states in ionisation, dissociation and
high harmonic generation in Hy, and in the efficient calculation of the photoelectron spectra

from time-dependent numerical calculations.

In Chapter 1, an overview of the progress in laser technology over the last several decades
was given. From the Q-Switched oscillator to the chirped-pulse amplification technique, ad-
vances in laser amplification made the development of intense, short laser pulses possible.
Higher laser intensities led to the discovery of strong field physics processes: tunnel ion-
isation, over-the-barrier ionisation, multiphoton ionisation, above-threshold ionisation and
high-harmonic generation. The understanding of these processes led to the production of at-
tosecond laser pulses, which paved the way to the new field of attosecond science. The last
section of the chapter was dedicated to a review of recent experiments which laid the founda-
tions of ultrafast molecular science. Among these experiments we can cite charge migration
in biomolecules, observation of ultrafast nuclear dynamics using HHG spectroscopy and at-
tosecond molecular charge control in small molecules such as Hj . In most studies that treat
electronic ultrafast dynamics in large molecules, the nuclear dynamics are usually neglected,
due to the complexity and the computational cost of such descriptions. Indeed the simultane-
ous description of electronic and ionic degrees of freedom is only possible for small molecules,
such Hj and Ha. Understanding electron-ion correlations in small molecules will serve as a

platform to understand more complex behaviour in larger molecules.

In Chapter 2, we presented our theoretical treatment of the hydrogen molecular ion. The
model treats electronic and ionic degrees of freedom quantum mechanically. To efficiently im-
plement solutions of the TDSE, a Lagrangian formalism is introduced, which allows us to use
generalised curvilinear coordinates. In Chapter 3, details of the numerical implementation of
our H; model was given. This has resulted in the development of two computer codes: a code
that implements the solution of the TDSE in cylindrical coordinates, named THeREMIN (vibraT-
ing HydRogEn Molecular IoN), and another code that implements the solution of the TDSE in
Cartesian coordinates, named RHYthMIC (vibRating HYdrogen Molecular Ion in Cartesians).

Our model is based on finite-difference techniques to solve the time-dependent Schrédinger
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equation that can be parallelised for massively parallel supercomputers. The benefit of us-
ing the generalised curvilinear coordinates introduced in Chapter 2 is that they allow for a
high density of grid points in particular regions of space in order to improve the accuracy
of the calculations. In the case of Cartesian coordinates, the Coulomb potential is obtained
by solving the Poisson equation, since the coincidence of one of the grid points with an ion
leads to a singularity on the grid when directly evaluating the potential. The parallelisation
scheme employed to calculate the Laplacian operator over several processors, called bound-
ary swapping, only involves communication between neighbouring processors, minimising
the communication overhead. When increasing the number of processors, for THeREMIN code
calculation time increased by 10% when increasing from 888 to 2590 the number of processors,
while for RHYthMIC calculation time increased by only 5% when increasing from 1134 to 18522

processors.

Chapter 4 was dedicated to the study of the role of vibrational states in ionisation, dissoci-
ation and high-harmonic generation in H; . The accuracy of our model was tested, obtaining
very good agreement with previous results available in the literature. Indeed the largest dif-
ference between vibrational energies calculated using our implementation with previously
published results is less than 1%. A study based on a visual analysis of the wavefunction was
carried out for the molecule exposed to an ultra-short VUV laser pulse. This pulse was cho-
sen to lie in the multiphoton regime, and calculations starting from either the 1s04(v = 0) or
1so4(v = 2) vibrational states were performed. The analysis of the electron probability den-
sity during the simulations reveals two dissociating wavepackets, whose spatial width can be
related to the bandwidth of the incident pulse. A classical calculation of the trajectories of the
dissociating wavepacket on either 150, or 350, potential energy surfaces is in good agree-
ment with our results. Also, the visual analysis showed that the vibrational structure of the

molecule is imprinted to the dissociating nuclear wavepackets.

Further investigation on the interplay of the vibrational states was carried out by dividing
configuration space into distinct regions and integrating the probability density in each region.
Thus, ionisation and dissociation yields were obtained for calculations starting from different
initial vibrational states. After comparing these yields, we also compared two yields defined
as follows. The first yield was extracted from a calculation in which a linear combination of
vibrational states multiplied by their correspondent Franck-Condon factors was chosen as the
initial state: we called this the FC initial state. The second yield was obtained from the incoher-
ent sum (denoted IS) of the yields obtained by starting particular vibrational states. We found
that for the case of the FC initial state, dissociation starts later than in the IS suggesting that
the coherent combination of vibrational states prevents dissociation. In addition, the dissoci-
ation yield corresponding to the FC initial state presents a hump, indicating an intermediate

resonant state that it is not taken into account in the IS case.

We extend the study of vibrational states by considering the interaction of Hj with a strong

IR laser pulse, whose laser parameters as such that tunnelling ionisation is expected. In the
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case of infrared fields the photon energy is similar to the energy gap between vibrational states,
and so interaction of pulse leads to ionisation and vibrational excitation prior to dissociation
of the molecule. Ionisation yields showed that, in contrast to the fixed nuclei case, more than
one ionisation event occur per half-cycle, this phenomena has been called multiple ionisation
bursts [249]. Also, higher vibrational states result in larger ionisation yields due to charge-
enhanced resonant ionisation (CREI). This establishes an ionisation rate dependency on the
internuclear distance. A particular characteristic of high harmonic spectra for small vibrat-
ing molecules, such as Hy, is the production of not only odd but even harmonics. This is
due to electron localisation induced by IR fields, which creates a permanent dipole. Thus,
the breaking of the molecular symmetry yields the production of even harmonics. Another
characteristic of the HHG spectra of Hj is the reduction of the cut-off. This effect is due to a
modification of the electronic states at which the ionised electrons recollide, and it is caused
by nuclear motion. Indeed, the reduction can be described by a function resulting from the

autocorrelation between the initial and the time-dependent nuclear wavefunction [257].

In Chapters 5 and 6 we introduced three methods for extracting the photoelectron spec-
tra from solutions of the TDSE. The methods, namely the Fourier method, the sampling point
method and the t-SURFF method were introduced. A library which efficiently implements
the methods was developed, especially designed for massively parallel supercomputers. The
Fourier method extracted the scattering amplitudes from the Fourier transform of the wave-
function: this is computationally the most expensive of the methods. The sampling point and
the t-SURFF methods are based on recording the outgoing flux of ionised electrons over a
surface during the time evolution. The main difference between these two methods is that the
t-SURFF method gives the correct spectral magnitudes. Spherical coordinates are the most nat-
ural coordinate system to implement the sampling point and the t-SURFF methods. However,
since many of the existing codes, including the codes developed in this thesis, implements the
solution of the TDSE in other coordinate systems, our numerical implementation includes rou-
tines to interpolate wavefunction values onto a spherical shell in 2D and 3D. Thus, an efficient
interpolation method is required, since the acquisition of the wavefunction over the surface is
repeated multiple times during propagation. In contrast, the Fourier method only requires the
Fourier transform of the wavefunction in configuration space at the end of the time evolution.
However, this can be an arduous task since in typical calculations the wavefunction can be
several gigabytes in size. For this reason the routines that implement the Fourier transform

were parallelised.

In Chapter 6 we compared the results and performance of the photoelectron spectra ob-
tained using the three methods when irradiating Hy with VUV laser pulses. It was found that
the accuracy of the t-SURFF method is greater, because the Fourier method overestimates the
PES, due to the long range tail of the Coulomb potential, and the sampling point method does
not give the correct scattering amplitudes because it does not take into account any volume
element when integrating the flux. Although there are ways to overcome these problems for

the Fourier method and the sampling point method, the t-SURFF method is still superior due
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to its greater efficiency: it allows a computational reduction of approximately 92% in 2D, and
90.63% in 3D. We also presented angularly resolved PES for HJ exposed to intense IR fields.
In these spectra the main characteristics of ATI are clearly visible. In addition, signatures of
two-centre interference are found, where minima of the spectral amplitude is found at certain
energies. The minima in the spectra is caused by an interference between direct ionisation of
electrons that are ejected from one of the two nuclei. Hence the interference is only visible in
the low energy region, up to 2U,, and is suppressed in the plateau region, where the contri-

bution from electrons that ionise from rescatter off the other ion wash out the interference.

Future Work

We now end this thesis by discussing how the work presented can be extended to study cor-

related electron-ion dynamics in the hydrogen molecular ion in more detail.

We have seen that including ionic degrees of freedom in the description of H2+ exposed to
intense, ultra-short laser pulses is required for a realistic representation of ultrafast dynamics
in H; Processes such as vibrational excitation and dissociation by infrared fields, the pro-
duction of even and odd harmonics or the reduction of the cut-off frequency in HHG can not
be understood without nuclear motion. For instance, the nuclear motion can modify the high
harmonic spectrum produced from Hj, generating odd and even harmonics, or modifying
the electronic states where the electrons can recombine. We now can investigate the effect of
these processes on the spatio-temporal characteristics of the coherent radiation produced from
HHG.

However, in order to study the results presented in Chapter 4 in more detail, an efficient
tool is required to extract observables from the wavefunction. After showing the accuracy and
performance of the POpSiCLE library in the spectra presented in Chapter 6 for fixed nuclei cal-
culations, we can consider the calculation of correlated electron-ion spectra using the current
implementation of the library as an additional step in our investigation. In particular, joint
electron-ion spectra are required for a deeper analysis of the mechanisms triggered by IR laser
pulses, where the interplay of processes such vibrational excitation, ionisation and dissocia-
tion adds additional complexity to the problem. In principle, the developed library can be
used to calculate the correlated photoelectron spectrum and kinetic energy release spectrum
from pump-probe experiments in which the pump pulse prepares the molecule in a particular
combination of vibrational states. In this case, experiments which include electronic and nu-
clear degrees of freedom would required a considerable computational effort, thus a numerical

tool, such as POpSiCLE, which allow us to reduce the size of the calculations is mandatory.

Differential (in proton and electron energy) ionisation cross sections have been theoreti-
cally obtained for H;r [120] and Hy [192] irradiated by laser fields whose polarisation axis is
parallel to the molecular axis. Those studies showed that including the vibrational motion

of the molecule it is possible to control the ratio between dissociative and non-dissociative
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ionisation. However, all the available work that uses circularly or elliptically polarised fields
has been performed within the fixed nuclei approximation. In this approximation, linearly
polarised laser pulses oriented parallel to the molecular axis excite o, /0, states (AM =
0), whereas perpendicular oriented pulses populate 7, states after one-photon absorption
(AM = +£1) and subsequently to o, d,4 states after additional photon absorptions. Indeed,
all those symmetries can be excited simultaneously if the molecule is irradiated by elliptically
polarised laser pulses, since we can consider elliptically polarised light as a combination of
parallel and perpendicular polarised fields. Photo-angular distributions (PAD) have recently
been studied for linear [297] and elliptically polarised laser pulses [298, 299], where it has
been shown that the rotational symmetry of PAD with respect to the molecular and the po-
larisation axis are strongly dependent of the interplay between intermediate resonant states.
In principle, the RHYthMIC code in combination with the POpSiCLE library allows the study
of angularly resolved correlated electron-ion spectra, first for arbitrary orientations between

the laser polarisation axis and the molecular axis, and then for elliptically polarised laser fields.

In the past studies of orientation effects in the strong field ionisation of H have been car-
ried out, such as the dependence on the ellipticity of the incident pulse in HHG [300-303], and
also in ATI [304, 305]. However, using the RHY thMIC code is it possible to use arbitrary orienta-
tions between the laser polarisation and the molecular axis. This allows us to include nuclear
motion in order to extend our investigation of the role vibrational states have on ionisation,

dissociation and high harmonic generation in these cases.
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Bessel functions and spherical harmonics

A.1 Bessel functions

The Bessel functions are the solutions of the differential equation

2
zzd— - zi + (z2 — 1/2) y(z) =0 (A1)

dz?  dz
where v can be a real or a complex number. The possible solutions of this equation, depending
on the parameters used, are the Bessel function of the first kind, J,, (z), the Bessel functions of
the second kind, Y,,(z), the Hankel functions of the first kind, H, W\ (z) and the Hankel func-
tions of the second kind, H.*) (2).

The Bessel functions of first kind are non-singular at the origin, z = 0, and can be expanded

in a series that takes the form

2
A2 (1)
Ju(2) = (—) ! : A2
V() =13 kzok!F(Z/+k:+1) (A2)
The Bessel functions of the second kind are singular at the origin, z = 0, and can be

expressed as a function of Bessel functions of first kind with the formula

Ju(2) cos (vmr) — J_V(z).

sin (v)

Yi(z) = (A.3)

The Hankel functions are linear combinations of the Bessel functions of first and second
kind, namely
HWY = J,(2) +1iY,(2) (A.4)
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and

H? = J,(2) — iV, (2). (A5)

v

The Bessel function of first kind for small arguments can be expressed as

lim . (_%Z)
—o M=o (A.6)

and in the asymptotic limit takes the form

Zi% Ju(z) =4/ %cos [z — (V+ ;) ;T] ) (A7)

Similarly, the Bessel function of second kind has the asymptotic form

lim

— Y, (2) =1/ % sin [z - <I/ + ;) ;r] : (A.8)

The Spherical Bessel function of first kind is defined as

) =\ Ty A9)

These functions provide solutions to the differential equation that has the form

2
2 1d (I1+3)
— - - ——+1 = 0. A.10
[dz2 YT 2 ¢(2) (4.10)
The Eq. (A.10) reduces to the radial time-independent Schrodinger equation in a centrifugal

potential if we take z = kr and ¢(z) = zj;(2)

2 1(1+1)
[dz2 - R o) =0 (A1)
where k? = 2F.
The first few spherical functions are
. sin 2
Jo(z) = p (A.12)
sinz  cosz
] = - A13
31(2) 52 P ( )
3 1 3
] =|———]sinz—— . Al4
Jo(2) <z3 z) sin z = coS z ( )
For obtaining the higher-order spherical Bessel functions we can make use of the recurrence
relations
. . 20+1 .
Ji=1(2) + Jin(2) =———7i(2), (A.15)
Li-1(2) = (14 1) Giga(2) = (2 + 1) jy (2) (A.16)
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where jy (z) is the first derivative of j;(z) with respect to z. We can also obtain the spherical

Bessel functions using the Rayleigh formula

Jilz) = 2" <—1d> sl : (A.17)

zdz z

The spherical Bessel functions obey the orthogonality relation

a 3
PN at 2
/0 Ji <Oélpg> Ji <04qu> p*dp = 5 (141 (0up)] Opq (A.18)

where ag;, and «y, are roots of Ji(2).

A.2  Spherical harmonics

The spherical harmonics are the functions which satisfy the spherical harmonic differential

equation, that has the form [208]

1 0 0 1 92
~[iaos (5m055) + sargge| Vim0 0) =104 D¥(0.0). (A1)

which can be also expressed as

LY (6,6) = UL+ 1) Yiun (0. ). (A.20)
L.Yim (0, 0) =m Y (0, ). (A.21)
They can be expressed as
2041 (1 —m)! ;
Yim(6,6) = <—1>m\/ P s ) (A22)

where P/"(cos ) are the associated Legendre polynomials and (—1)"™ is the Condon-Shortley

phase. It is common to include the normalisation factor inside the polynomial as

P™(cos ) = (—1)7”\/%447_r ! m&m(cos 0). (A.23)

The spherical harmonics defined in Eq. (A.22) have a normalisation that fulfils the or-

thonormality relation

2 i
/ d¢ / sin 8 d6 Y;km/(e, cb)Y}m(G, ¢) = (5u/(5m’m/ (A24)
0 0
A useful property of the spherical harmonics is

Yim(8,8) = (~1)"Y;5 (60, 6). (A.25)
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and the first few spherical harmonics are

1
Yoo(0, ¢) =0 (A.26)
3
Y10(0,0) = o cos 0, (A.27)
T
Y11(0,0) = 3 sin fe™?, (A.28)
T
1[5 )
Y20(6, ¢) =\ 1 (3 cos” 0 — 1) , (A.29)
T
15 o
Y21(0,¢) = n sin @ cos Oe (A.30)
T
1 /1
Yoo (6, ¢) :Z‘/ 25 sin? 2%, (A31)
0

A.2.1 Spherical harmonics decomposition

Consider a function continuous over a sphere f(0, ¢) [244]

0,6) = > himYim(0, ). (A32)
In order to obtain the coefficients hy,,, we invert the expression in Eq. (A.32) as

//s1n0 g do f(6,9)Y;,(0,0). (A.33)

If we substitute Eq. (A.22) and Eq. (A.23) onto Eq. (A.33), we get

Rip = / sin@ df d f(6, ¢) Py (cosf)e ™, (A.34)
or, if we discretise the integral over the angles we can write

him = 3 D wiw; f(85,6;) Prm (cos 6:)e ™" A6 AG (8.35)
g
where wj; are the quadrature weights for the € coordinate and w; the weights for the ¢ coordi-

nate.

The most efficient way to calculate the sum in Eq. (A.35) is first to FFT the function f(6, ¢)
over ¢ [244]

=" (65,057 8. (A36)
J

where the weights over the ¢ coordinate just take the from w; = A¢.

After the FFT, we use a Gaussian-Legendre quadrature to sum the resulting ¢(6;) over 6. Fi-
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nally, we get the coefficients hy,,, [244]

him = _ 9(6;) Py (cos 6; Jw; (A.37)
J

where w; and 6; are the weights and pivots respectively for the Gaussian quadrature. The
Gauss-Legendre quadrature for a polynomial of order d is exact for a function with degree NV
with d = 2N — 1, and since our integrands are polynomials of degree 2/, so if we want to
decompose a wavefunction up to Imay, the quadrature must have at least Ny > [jay points in 6
axis. For this reason, the number of points in 6 depends on the maximum angular momentum
of the decomposition. Moreover, the number of points in ¢ axis will depend on ljax as well.
The maximum value of the magnetic angular momenta is given by mmax = 2lmax + 1, and
because the number of points of a Fourier Transform pair must be the same, the number of ¢

points is Ny = 2lmax + 1.

In the library, the user chooses lmax as an input parameter. The number of points in 6 and
¢ axes are set according to [;max. We use the pivots of a Gauss-Legendre quadrature to set the
points in 6, whereas the FFT requires an equidistant grid in the ¢ axis. In the case of laser
polarisation parallel to the internuclear axis, there is no azimuthal dependence so m does not

change. We set N = 1 and we skip the FFT of the decomposition.
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Multi-dimensional cubic interpolation

In this appendix we briefly summarise the cubic interpolation method for two dimensions [244],
namely bicubic interpolation. Tricubic interpolation (the case for 3D, which is also used in
POpSiCLE) is analogous to bicubic interpolation. The reader is referred to [276] for a complete
discussion in 3D. The bicubic interpolation is just a cubic interpolation in which we assume
that on a rectangle (see figure B.1) our interpolating function is a piecewise function depend-

ing of coordinates 1 and 9, of the form

3 3
flz1,22) = Z Z aijxixé. (B.1)

i=0 j=0

We can obtain the 16 coefficients a;; by imposing constraints that will ensure continuity
and smoothness on the piecewise function. These constraints must be provided by the user,

and they are the four tabulated values of the function at the corner points and together with

P4 |, ox | P3
\Y /.
oy (961,.$2)
®
P P2

Figure B.I: Unit rectangle on a 2D regular mesh. We must know at the four corners, in the figure la-
belled p1, p2, p3 and py, the values of the function, and its first and cross-derivatives.
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2
its derivatives { %, 8%’ %8?/} We display the coefficients a;; as a vector

A 4itdj = Qjj forallz,j € {0, 1,2, 3} (B.2)

If we label the corner of the square {p1, p2, p3, p4} we also display the constraints in a column

vector & as .
f(pi) ifl<i<4
Of (1), i ;
@ = - (pi-a) if5<i <8 (B3)
L pis) 9 <i<12
%%@Fu) if13<i <16
The vectors o and b are related by
b= B« (B.4)

which is nothing more than Eq. (B.1) expressed in matrix notation. The coefficients of B are
just integer numbers that can be worked out exactly from taking the derivatives of Eq. (B.1)
(this can be calculated with basic arithmetic: easy but tedious to get). Therefore, the equation
we must solve is

o= B b (B.5)

Once we have determined our coefficients, we can substitute the 16 a;;’s into the cubic

function (B.1) to know the value of a point that lies within the square mesh.

In principle it is possible to specify any values for the derivatives. This is left to the user, but
as it is obvious, the more accurate the derivatives are, the more accurate the interpolation is.
Our derivatives are calculated at the corner points using a finite-difference (FD) method. We
calculate the FD stencil rule at each point using the algorithm described in [222, 223, 306]. This
algorithm can calculate the coefficients of a FD rule for any arbitrarily spaced grid. Calculating
the stencil specifically at every point help us to improve the accuracy of the derivatives in the
case of scaled coordinate meshes (in many of these scalings the grid spacing is not constant).

This operation causes no appreciable computational overhead.
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Calculation of the cross section

In Time Dependent Perturbation Theory (TDPT) the cross section formula for single-photon

ionisation in velocity gauge is [307]

dl B A%k
aao mew;

(Ve k|T;) |2 (C.1)

On the other hand, the first term in the expansion of the transition amplitude between an
initial state and a (final) scattering state (in velocity gauge) is given by [307]
iAo

b (k) = 2 (Uy|e -k W) FM(wr,wyi, T) (C2)

where (U¢| € - k|¥;) is the dipole matrix element between state ¢ and f, m is the mass of
the electron and c the speed of light, Ay is the amplitude of the vector potential of the field,
defined as

A(t) = Ao Fy(t). (C.3)

Fy (t) is the temporal dependence of the laser pulse. In this case we describe the envelope

with a sine squared function:

7t

Fy(t) = sin? (T) sin (wrt). (C4)

The function F} ‘(/1) (wr,wyi, T') is merely the Fourier transform of the temporal dependence of

the vector potential A(t), Eq.(C.3), which can be expressed as

T .
FM(wp,wpi, T) = / dt e (1wt (¢) (C.5)
0
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where T' is the duration of the laser pulse, wy, the photon energy of the field, wy; the en-
ergy difference between the final and the initial state. The bandwidth of F‘(/l) (wr,wy;, T)
is Aw = 4n/T.

Making use of the rotating wave approximation we can write the Fourier transform of the

field as [282]
e—twrT (ei(wfwfi)T _ 1) w2

Figy(wp,wpi, T) = . : (C.6)
[T2(w—wﬁ) —4772} (w—wyi)
In the case of a sin? envelope, Eq. (C.6) takes analytic form of
472 sin? [(wr, — wy) T/2
| Fay (wrwpis T) = or —wp)T/2) (C7)

2 2 2 2 2
T?(wp —wyg)” —4n?| (wr —wyi)

Substituting the dipole matrix element in Eq. (C.1) into substitute we finally obtain [122,
282]

do Am%me |b(k)|2
do _ - (C.8)
Q@ wri A2 F (wp,wp, TP

B 4Am2me \b(l)(k’)‘Q

Wi A(Z)‘FI(%IV)V(Wvafi’ T)‘2 .

We can derive the cross section analogously in the length gauge. We start again with the

formula (C.1) but this time in length gauge we have

do 47r2kwfi

oo ==L uyle vl . (C9)

The transition amplitude is given by
bV (k) = —iEy (Usle-r|W;) F(wp,wp, T) (C.10)

where F él) (wr,wyi, T') represents the Fourier transform of the electric field. Making use of

the relation between the electric field and the vector potential

LdA() __, dFv(t) By dFy (1)

Et)= ——2 = C.11
(*) dt 0t wp  dt (€10
We can insert Eq. (C.11) in FS) (wr,wyi, T) to get
1 T ;
F(wp, wpi, T) = / dt e“ritFy (t) (C.12)
0
T
(1) T = wpat (1 dFV(T)
Fy/(wp,wyi, T) /0 dte < —— (C.13)
Fi w0 T) = =L R (wr, 0. T) (C.19)

where in the last equality we have used the property of the Fourier transforms related with
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derivative of a function. We can rewrite Eq. (C.10) as

Wei
b (k) = wf; By (Usle-r|0;) F)(wp,wpi, T) (C.15)

so finally the expression for the cross section in length gauge is given by

do  4r*mcwp |b(k)|?

dQ Wi A%‘F‘(/l)(wLwaivT)P

(C.16)

We note that because Eq. (C.2) can be factorised we can extract the cross section for single-
photon ionisation within the bandwidth of a single laser pulse. The range of frequencies for
which F; ‘gl)(w L,wWi, ') is not zero is defined as the bandwidth of the pulse. Moreover, in
reference [282] it is shown that it is possible to obtain similar expressions for two-photon in-

teractions where the equations in TDPT are not factorizable.
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